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Determinants of Subquotients of Galois Representations
Associated to Abelian Varieties
Eric Larson and Dmitry Vaintrob
Abstract
Given an abelian variety A of dimension g over a number field K, and a prime ℓ, the
ℓn-torsion points of A give rise to a representation ρA,ℓn : Gal(K/K)→ GL2g(Z/ℓnZ).
In particular, we get a mod-ℓ representation ρA,ℓ : Gal(K/K) → GL2g(Fℓ) and an
ℓ-adic representation ρA,ℓ∞ : Gal(K/K) → GL2g(Zℓ). In this paper, we describe the
possible determinants of subquotients of these two representations. These two lists
turn out to be remarkably similar.
Applying our results in dimension g = 1, we recover a generalized version of a
theorem of Momose on isogeny characters of elliptic curves over number fields, and ob-
tain, conditionally on the Generalized Riemann Hypothesis, a generalization of Mazur’s
bound on rational isogenies of prime degree to number fields.
1 Introduction
Let A be a g-dimensional abelian variety over a number field K. The ℓ-adic Tate module
A[ℓ∞] := lim←−
n
A[ℓn]
is the limit of ℓ-power torsion points over K. It is a Zℓ-lattice with action by the Galois
groupGK := Gal(K/K), and is one of the fundamental examples of a Galois representation.
We study in this paper one-dimensional Galois characters which can arise from these
representations. Namely, we consider determinants of subquotients of the ℓ-adic Tate
module of A with scalars extended from Zℓ to either ℓ-adic fields or finite fields Fℓn . Any
such determinant character with values in a field k appears after extending scalars all the
way to k. Hence studying these determinant characters with scalars extended to Qℓ gives
all such characters with values in an ℓ-adic field, and extending scalars to Fℓ gives all such
characters with values in Fℓn .
If V is a representation of a group G over a field k, we say that ψ : G → k is an
associated character of degree d of V if there is a d-dimensional subquotient W of V ⊗k k
such that ψ = detkW . We call our principal objects of study — the associated characters
of A[ℓ∞] ⊗ Qℓ and A[ℓ∞] ⊗ Fℓ = A[ℓ] — the ℓ-adic and mod-ℓ associated characters of A
respectively.
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The study of associated characters of these kinds goes back to Serre’s foundational work
on the Open Image Theorem, which states that for an elliptic curve E without complex
multiplication, the action of the absolute Galois group of a number field on the ade`lic Tate
module H1(E, Ẑ) =
∏
ℓE[ℓ
∞] is open (i.e. has finite index) in GL2(Ẑ). This is proved in
two principal steps. First, in [16], Serre shows that the ℓ-adic image ρE,ℓ∞ : GK → GL2(Zℓ)
has finite index for all ℓ. Second, in [17], Serre shows that for sufficiently large primes, the
mod-ℓ image ρE,ℓ : GK → GL2(Zℓ) is surjective. In each case, the proof consists of reducing
the problem to the study of the ℓ-adic and mod-ℓ associated characters of E respectively,
i.e. studying the Galois action on the 1-dimensional subquotients.
A major conjecture, which is still open, is whether the index of the image of GK in
GL2(Ẑ) in Serre’s theorem is bounded uniformly in E. The first step towards this result,
for K = Q, is Mazur’s seminal theorem on isogenies [9]. This theorem is equivalent to
the statement that, for an elliptic curve E over Q and for a prime ℓ > 163, the ℓ-torsion
module E[ℓ] is irreducible (equivalently, no isogenies E → E′ defined over Q have kernel of
order ℓ). An essential step of Mazur’s proof is to analyze the possible associated characters
(up to torsion of small degree) of subquotients of E[ℓ], and show that for ℓ > 163 the list
of possible associated characters is empty.
Momose in [13] gives an exhaustion (i.e. a list containing all possibilities, perhaps with
excess) for the mod-ℓ associated characters of elliptic curves over number fields K attached
to subquotients of E[ℓ], for ℓ sufficiently large depending on K. When K is quadratic,
either real, or imaginary of class number greater than one (i.e. as long as K 6= Q[√D] for
D ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163}), the list of possible associated characters
is empty. In particular, any elliptic curve E over such a quadratic field K has irreducible
torsion module E[ℓ] (equivalently, admits no ℓ-isogenies) as long as ℓ > CK for some
constant CK that depends only on K.
The main theorem of our paper gives an analogous exhaustion for abelian varieties of
dimension g over K. When applied to elliptic curves, we obtain slightly stronger versions
of the above results of Momose (see Theorem 1 and Corollary 2 below). While it is hopeless
to classify all proper subquotients of A[ℓ] for g > 1 (for A decomposable, for example, this
would involve classifying all Galois representations coming from elliptic curves), giving a
complete characterization of their determinants is a more manageable task — and this is
the question we study in this paper.
Serre’s Open Image Theorem is the beginning of a larger story about the Galois rep-
resentations A[ℓ]. By Faltings’ Finiteness Theorem [4] (applied to both A and A×A), we
know that if EndK(A) = Z, then the representations A[ℓ] are absolutely irreducible for ℓ
larger than some constant depending on A. As with Serre’s theorem, conjecturally there
should exist a uniform bound. Our main result implies this conjecture for a large class of
fields, conditionally on the Generalized Riemann Hypothesis (GRH). Since our main result
holds for arbitrary g, there is hope that it gives a step towards this conjecture in general.
Our paper consists of two main parts. First we study ℓ-adic associated characters of
abelian varieties, giving an essentially complete classification. Then, we turn to the study
2
of mod-ℓ characters. We show that for ℓ greater than some constant depending only on
K and g, any mod-ℓ associated character of a g-dimensional abelian variety defined over
K belongs to a small list of possibilities. An abelian variety with a mod-ℓ associated
character does not necessarily have an ℓ-adic associated character; therefore, a priori, there
could be many more possibilities for mod-ℓ associated characters than for ℓ-adic associated
characters. Remarkably, this is not the case: Our list of possible mod-ℓ characters is closely
related to the list of ℓ-adic associated characters that can occur.
Now we will turn to a precise formulation of our results. The relationship between
ℓ-adic and mod-ℓ associated characters discussed above is particularly sharp in dimension
g = 1 (elliptic curves), especially if one assumes GRH. In this case we have the following
theorem.
Theorem 1 (Theorem 6.4). Let K be a number field. Then, there exists a finite set SK of
prime numbers depending only on K such that, for a prime ℓ /∈ SK , and an elliptic curve
E over K for which E[ℓ]⊗ Fℓ is reducible with degree 1 associated character ψ, one of the
following holds.
1. There exists a CM elliptic curve E′, which is defined over K and whose CM-field is
contained in K, with an ℓ-adic degree 1 associated character whose mod-ℓ reduction
ψ′ satisfies:
ψ12 = (ψ′)12 (1)
2. The Generalized Riemann Hypothesis fails for K[
√−ℓ], and
ψ12 = cyc6ℓ , (2)
where cycℓ is the cyclotomic character. (Moreover, in this case we must have ℓ ≡ 3
mod 4 and the representation ρE,ℓ is already reducible over Fℓ.)
Remark 1.1. The proof of Theorem 1 implies that E′ depends only on E (and not on ℓ);
moreover, ψ′ ⊗ ψ−1 is ramified only at primes of bad additive reduction for E.
The proof of Theorem 1 also shows that the set SK is effectively computable. In
Theorem 7.9, we give an explicit bound on the value of
∏
ℓ∈SK ℓ.
In Case 1 of the theorem (which is the only possible case if we assume GRH), the
twelfth powers of the other associated characters of E[ℓ] and E′[ℓ] also coincide, since the
two representations E[ℓ] and E′[ℓ] have the same determinants (both equal to cycℓ). In
particular, equation (1) can be formulated more concisely as
Ψ12(E[ℓ]) = Ψ12(E′[ℓ]),
where Ψn is the Adams operation on the Grothendieck ring of representations of GK over
Fℓ. Similarly, we can rewrite equation (2) as Ψ
12(E[ℓ]) = cyc6ℓ ⊕ cyc6ℓ .
Theorem 1 implies the following result. (This is also a straightforward consequence of
the results of [10] and [13], but does not appear to be written anywhere in the literature.)
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Corollary 2 (Corollary 6.5). Under GRH, the degrees of prime degree isogenies of elliptic
curves over K are bounded uniformly if and only if K does not contain the Hilbert class
field of an imaginary quadratic field F (i.e. if and only if there are no elliptic curves with
CM defined over K).
Theorem 1 follows from the more general Theorem 4, which gives an analogous state-
ment for arbitrary abelian varieties. Before formulating it, we need to introduce some
technical notions. First, however, we give a statement in the case where K has a real
embedding, which is considerably simpler. More generally, it suffices to assume that K
does not contain any CM-fields, i.e. totally imaginary quadratic extensions of totally real
fields.
Corollary 3 (Corollary 5.18). Let K be a number field that does not contain any CM-fields
(which is in particular true when K has a real embedding), and g and d be positive integers.
There exists a finite set SK,g of prime numbers depending only on K and g, and a constant
0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a g-dimensional
abelian variety A with a mod-ℓ associated character ψ of degree d,
ψ2w = cycawℓ ,
where a is an integer with 0 ≤ a ≤ 2d, and w = lcm(cg ,N)2 for some positive N ≤
(2g
d
)
.
In general, we will try to relate the associated character ψ to the mod-ℓ reduction of an
ℓ-adic associated character of another abelian variety B. This encompases the above case,
because the determinant of the entire Tate module gives an ℓ-adic associated character
which is a power of the cyclotomic character, and there are no ℓ-adic associated characters
of abelian varieties defined over such fields K besides twists of powers of the cyclotomic
character. In order to do this, we will need to study the ℓ-adic associated characters of
abelian varieties first.
Using a theorem of Faltings [4], we will see that any ℓ-adic associated character arises
from an abelian variety B which has (generalized) complex multiplication, i.e. has action
by an order in a field F , where F is a CM-field or F = Q. Note that we do not assume
that degF = 2 · dimA (as is the case in the classical theory of complex multiplication); if
this is the case, we call it full CM.
Suppose that B is an abelian variety over K with complex multiplication by a CM
field F , i.e. with an injection F →֒ End(B)⊗Q. Then B[ℓ∞]⊗Qℓ is an (F ⊗Qℓ)-module,
which one can show is free of dimension 2g[F :Q] . The problem of finding ℓ-adic associated
characters for the F -eigenspaces reduces to computing the (F ⊗ Qℓ)-determinant of this
representation — composing this determinant with various embeddings F →֒ Qℓ gives these
ℓ-adic associated characters of B. By the local characterization of such determinants in
Appendix A (written by Brian Conrad), we see that these characters are determined (up to
twists) by the CM type of B, i.e. the isomorphism class of the K-F bimodule Φ = Lie(B);
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they can be described quite explicitly in terms of “algebraic” class field theoretic characters
of the type studied by Serre in [16].
Specifically, given a CM type (F,Φ) we define a field KF,Φ and a Galois character
ψF,Φ : GKF,Φ → Q
×
ℓ /µF (where µF is the group of roots of unity contained in F ), which
are uniquely determined by the following properties, as shown in Theorems 3.6 and 3.11.
(Technically, the character ψF,Φ depends on a choice of embedding σ : F →֒ Qℓ as well, but
we will usually suppress this and assume we have chosen an appropriate embedding.)
1. If an abelian variety B over K has CM of type (F,Φ) which is defined over K, then
KF,Φ is contained in the ground field K.
2. In the above case, the associated characters of the F -eigenspaces of B[ℓ∞]⊗Qℓ define
characters ψB,σ : GK → Q×ℓ (indexed by embeddings σ : F →֒ Qℓ), and modulo the
group µF of roots of unity in F , these characters coincide with the restriction of ψF,Φ
to GK , i.e.
ψF,Φ|GK ≡ ψB,σ mod µF .
3. The field KF,Φ is the separating field (i.e. minimal field of definition of the geomet-
rically irreducible components) of the Shimura variety for some nonempty collection
of polarized abelian varieties with CM type (F,Φ).
The Shimura variety in condition 3 is the coarse moduli space for this collection of
polarized abelian varieties. In particular, if the CM type (F,Φ) corresponds to an abelian
variety B with full CM, then B and its CM are defined over K, since the Shimura variety
is zero-dimensional in this case.
Now we can state our result for abelian varieties of arbitrary dimension g. Roughly
speaking, we show that there exists an effectively computable finite set SK,g such that for
ℓ /∈ SK,g and ψ a mod-ℓ associated character of a g-dimensional abelian variety, ψa is equal
(mod ℓ) to a character ψbF,Φ corresponding to a CM type (F,Φ) with separating field KF,Φ
contained in K, for some exponents a > 0 and b ≥ 0. The exponents a and b, and the
dimension dimK Φ of abelian varieties of CM type (F,Φ) are both bounded by a constant
depending only on g and satisfy some additional restrictions.
In equation (1), the exponents a and b satisfy a = b = 12, and also we have dimE =
dimE′ = 1. This makes it tempting to expect that in general a = b = cg, and the
CM abelian varieties representing the CM type (F,Φ) have dimension bounded by g (i.e.
dimK Φ ≤ g). While we believe such a result should be true, we do not know how to prove it
in general, even assuming GRH. However, we can prove a modified version of this statement
under some additional assumptions; see Corollary 5.19. We also can improve our bound
on dimK Φ and show that dimK Φ ≤ g for d = degψ = 1, using the following observation.
If ψ0 is an associated character of A, then cyc
d
ℓ ⊗ψ−10 is also an associated character of A,
due to the Galois-invariance of the Weil pairing. Thus, to describe all of the associated
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characters of A, it suffices to consider one character in each pair {ψ0, cycdℓ ⊗ψ−10 }. Now we
state the main theorem of our paper.
Theorem 4 (Theorem 5.16). Let K be a number field, and g and d be positive integers.
Then, there exists a finite set SK,g of prime numbers depending only on K and g, and
a constant 0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a
g-dimensional abelian variety A with a mod-ℓ associated character ψ0 of degree d, we have
ψe·w ≡ ψwF,Φ (mod ℓ),
where ψ is either ψ0 or cyc
d
ℓ ⊗ψ−10 and w = lcm(N,cg)gcd(e,cg) . Here, F is either Q or a CM-field,
and Φ: F → End(Km) is a primitive balanced representation such that K ⊃ KF,Φ. The
quantities a, e, and N are integers with e and N positive, which satisfy m = 12 ·a ·e · [F : Q].
Moreover, 0 ≤ a ≤ d, and both ϕ(N) and e · [F : Q] are at most (2gd ).
We think of Φ as giving the isomorphism class of the K-F bimodule Lie(B), for any
abelian variety B with CM type (F,Φ). The above bounds imply thatm = dimB ≤ d2 ·
(
2g
d
)
.
In particular, if d = 1, then m = dimB ≤ g = dimA.
The proof of Theorem 4 implies that the set SK,g is effectively computable. In Theo-
rem 7.9, we give an explicit bound on the value of
∏
ℓ∈SK,g ℓ.
The relationship between mod-ℓ and ℓ-adic characters becomes particularly nice when
K has semistable reduction at all primes over ℓ and the associated character has degree 1
(i.e. is a one-dimensional subquotient). In this case, we get a very similar result to the
conditional statement of Theorem 1.
Corollary 5 (Corollary 5.19). Let K be a number field, and g and d be positive integers.
Then, there exists a finite set SK,g of prime numbers depending only on K and g, and
a constant 0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a
g-dimensional abelian variety A with a mod-ℓ associated character ψ of degree 1, one of
the following holds.
1. The character ψcg is trivial or equal to cyc
cg
ℓ .
2. There exists an abelian unramified extension M/K, a (full) CM abelian variety A′
defined over M , such that K contains the reflex field of the CM field of A′ (which in
particular implies that A′ has CM defined overM), and an ℓ-adic associated character
of degree 1 of A′, whose mod-ℓ reduction ψ′ satisfies
(ψ|Gal(K/M))cg = (ψ′)cg and (dimA′) · (exponentM/K) ≤ g.
When A is an abelian surface and d = 1, the result of Theorem 4 can be formulated
more concisely.
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Corollary 6 (Corollary 5.20). Let K be a number field. Then there exists a finite set SK
of prime numbers depending only on K such that, for a prime ℓ /∈ SK , and an abelian
surface A with a mod-ℓ associated character ψ of degree 1, one of the following holds.
1. There exists a full CM abelian surface A′ over K whose CM is defined over K, with
an ℓ-adic degree 1 associated character whose mod-ℓ reduction ψ′ satisfies
ψ120 = (ψ′)120.
2. There exists an abelian unramified extension L/K of exponent at most 2, a CM
elliptic curve E′ defined over L, such that K contains the CM field, and an ℓ-adic
degree 1 associated character of E′ whose mod-ℓ reduction ψ′ satisfies
ψ|120
Gal(K/L)
= (ψ′)120.
3. For some a ∈ {0, 60, 120}, we have
ψ120 = cycaℓ .
There is a simlar formulation for abelian threefolds (see Corollary 5.21), but not for
higher-dimensional abelian varieties; this corresponds to the fact that for g ≥ 4, the relevant
Shimura varieties may have nonzero dimension.
If A = Alb(X) is the Albanese variety of a smooth proper scheme X of finite type over
K, then we can apply Theorem 4 to A. For ℓ sufficiently large, Theorem 4 gives nontrivial
restrictions on the action of GK on the e´tale cohomology H
1(X,Fℓ) ≃ H1(Alb(X),Fℓ).
We believe it may be possible to study the associated characters of the higher e´tale co-
homology groups Hr(X,Fℓ) using our methods. Indeed, in several cases — e.g. when X
has everywhere good reduction — our techniques give an analogous result for Hr(X,Fℓ).
However, in the general case there are some difficulties that occur due to the lack of a good
theory of semistable reduction for arbitrary smooth proper schemes (see Remark 5.1 for
details).
Our proof of Theorem 4 is similar in spirit to the method used by Serre in [17] to clas-
sify elliptic curves with non-surjective mod-ℓ Galois action. Working with abelian varieties
instead of elliptic curves introduces additional issues. This is because while there are only
finitely many elliptic curves with a given endomorphism ring larger than Z, there are fam-
ilies of abelian varieties with extra endomorphisms parameterized by positive-dimensional
Shimura varieties. This forces the theory of associated characters to become more com-
plicated, once these Shimura varieties enter into the picture. Moreover, obtaining uniform
bounds requires a more delicate analysis than Serre’s [17], in particular because we cannot
assume that A is everywhere semistable by extending the ground field.
The paper consists of two main essentially independent parts. In the first part, we
explicitly compute the ℓ-adic associated characters of abelian varieties in terms of class
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field theory. This analysis is relatively simple, but requires a number of technical results
including Faltings’ Theorem [4] and the theory of Shimura varieties of PEL type [3]. It also
uses the local characterization of determinants of subquotients of the p-adic Tate module,
proved by Brian Conrad in Appendix A using p-adic Hodge theory. The second part of
the paper, about mod-ℓ associated characters, is significantly more involved but uses less
machinery. We use a result of Raynaud to get control over the action of the inertia groups
at primes dividing ℓ, and use the Weil conjectures (and Grothendieck’s generalization in [6]
for primes of bad reduction) to control the behavior of Frobenius elements at primes not
dividing ℓ. These pieces of information are then combined to produce a list of explicit
expressions for the mod-ℓ associated characters in terms of class field theory. This list
turns out to be remarkably similar to the list of ℓ-adic characters found in the first part of
the paper (see Theorem 4).
We now describe the structure of the paper. In Section 2, we introduce the language
of algebraic characters which we will use throughout the paper.
In Section 3 we study abelian varieties B with CM defined over K and their associated
determinantal characters; we also compute the separating fields of some Shimura varieties
classifying (F,Φ) abelian varieties.
Then we turn to studying mod-ℓ associated characters. We begin in Section 4 by
studying the local behavior of these characters. In 4.1 and 4.2, we recall some facts about
the action of Frobenius elements on the Tate module and about semistable reduction
of abelian varieties respectively. In 4.3, we analyze the restriction of ψ to the inertia
subgroups.
In Section 5, we study the global properties of these characters, using the results from
Section 4. In particular, the analysis in Section 5 will apply to any Galois character that
satisfies the key results from Section 4; for details see Remark 5.1. In 5.2, we prove several
restrictions on the character ψ using its values on Frobenius elements. Subsection 5.3 is
devoted to the proof of the Theorem 4, our main result. Finally, in 5.4, we derive some
corollaries of the main theorem.
In Section 6, we apply the main theorem to elliptic curves and prove Theorem 1 and
Corollary 6.5 about isogenies of elliptic curves.
Finally, in Section 7, we make all of our arguments effective, proving effective versions
of the main theorem both for elliptic curves and abelian varieties (Theorems 7.2 and 7.9).
Notation Conventions: Throughout the paper, we normalize the Artin map to carry
uniformizers to arithmetic Frobenius elements, i.e. the map α 7→ αq. We write nK , rK ,
RK , hK , and ∆K for the degree, rank of the unit group, regulator, class number, and
discriminant of K respectively.
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2 Algebraic Characters
A multiplicative map of number fields of algebraic origin — for example the norm map
Nm: K× → Q× — can be thought of as the induced map on Q-points of a map of com-
mutative algebraic groups over Q. Such maps — which we will call algebraic characters
— will appear for us as determinants of representations induced by CM (in Section 3.1)
and as Galois characters (see Definition 2.23). In this section, we will introduce two main
ways of thinking about algebraic characters — a concrete description as products of em-
beddings (Proposition 2.3) and an equivalent picture as determinants of representations
(Proposition 2.9).
The main technical result of this section, Lemma 2.24, will give a way of defining global
Galois characters from algebraic characters between global fields — an idea originally due
to Serre (in [16]) but done here from the slightly different vantage point of CM fields and
groups of Weil numbers.
2.1 Definitions and first properties of algebraic characters
We will be interested in algebraic characters between pairs of global number fields and
pairs of p-adic number fields, but will first give some general definitions over any base field
Q. Suppose that K and L are algebraic extensions of a base field Q and K/Q is finite.
Write TK and TL for the algebraic tori Res
K
Q Gm,K and Res
L
QGm,L, viewed as algebraic
groups over Q.
Definition 2.1. An algebraic character is a multiplicative map θ : K× → L× given by the
map on Q-points of a morphism of algebraic groups TK → TL.
Now pick an embedding L →֒ Q.
Definition 2.2. We write ΓK for the set of embeddings K →֒ Q.
Proposition 2.3. The (discrete) abelian group of multiplicative maps Hom(TK , TL) is the
group of invariants Z[ΓK ]
GL, with induced map on Q-points∑
σ∈ΓK
aσσ : x 7→
∏
(xσ)aσ for x ∈ TK(Q) = K×.
Proof. See [16], section 1.1 of chapter 2.
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Corollary 2.4. If L contains the Galois closure Kgal ⊂ Q of K, then
Hom(TK , TL) = Z[ΓK ].
Remark 2.5. For the purposes of this paper, one can always think of algebraic characters
as maps K× → L× of form given by Proposition 2.3.
Definition 2.6. For S =
∑
S(σ) · σ ∈ Z[ΓK ], we define the algebraic character θS via
θS(x) =
∏
σ(x)S(σ).
Definition 2.7. We say that a character θ : TK → TL is positive if it extends from TK to
ResKQ A
1
K , or equivalently if θ = θ
S for S =
∑
S(σ) ·σ with all S(σ) nonnegative. Similarly,
we say that θ is negative if θ ◦ (x 7→ x−1) is positive.
Definition 2.8. We define the degree of an algebraic character θS to be maxσ∈ΓK |S(σ)|.
Now we give the dictionary between characters and representations. Suppose V is a
K⊗QL bimodule which is finite-dimensional as an L-module. Thinking of V as an L-vector
space with an action of the (algebraic) group K×, we define detL V : K× → L× via the
L-determinant of the K-action, i.e.
a 7→ det
L
(
(x 7→ a · x) : V → V ).
Proposition 2.9. For any positive algebraic character θ : K× → L×, there is a K ⊗Q L-
bimodule V which is finite-dimensional as an L-module and such that detL V = θ. More-
over, the bimodule V is unique up to isomorphism.
Proof. Suppose at first that L = Q. Let the aσ be as in Proposition 2.3. Then the
representation V =
⊕
σ∈ΓK aσσ is the required bimodule. This bimodule is unique since
K ⊗Q Q ≃
⊕
σ∈ΓK Q[σ], where Q[σ] is a one-dimensional vector space over Q such that
the K-action is given by σ composed with the Q-action.
For the general case, we invoke the primitive element theorem to write K = Q[α]; note
that our representation is determined by the matrix for α up to conjugacy. The result thus
follows from the following standard result of linear algebra applied to N/M = Q/L, where
the Galois-invariance is evident in the proof of the case L = Q: Given a field extension
N/M , the intersection of any Galois-invariant conjugacy class of GLn(N) with GLn(M) is
a conjugacy class of GLn(M). (This last fact follows from the invariance of the rank of a
matrix under base extension.)
Remark 2.10. When K and L are both finite-dimensional over Q, the above proposition
gives a curious duality between algebraic characters K× → L× and L× → K×, known as
the reflex map.
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Now suppose that O ⊂ Q is an integrally closed subring. Since embeddings of fields
preserve rings of integers, Proposition 2.3 implies that any algebraic character θ : K× → L×
sends O×K ⊂ K× to O×L ⊂ L×.
Definition 2.11. For an ideal I ⊂ OL and algebraic character θ : K× → L× we define
θ mod I : O×K → (OL/I)×
to be the map induced by composing with O×L → (OL/I)×. We call a character of the
above form a reduction of an algebraic character.
We will be particularly interested in the case where Q = Qp and I = mL is the maximal
ideal of OL, giving a map θ mod mL : O×K → k×L .
2.2 ℓ-adic characters induced from global characters
SupposeK/Q is a number field and ℓ is a prime. We will take L = Q, and fix an embedding
ι : Q →֒ Qℓ.
Proposition 2.12. There is a (unique) bijective correspondence
(θ 7→ θℓ) : Hom
(
TK , TQ
) ∼−→ Hom
∏
v|ℓ
TKv , TQℓ
 ,
with the property that the maps on points K× → Q× and ∏K×v → Q×p fit into the com-
mutative diagram
K× θ−−−−→ Qy yι∏
v|ℓKv −−−−→
θℓ
Qℓ
Definition 2.13. We will call this bijective correspondence localization of characters.
Proof. Note that if θℓ exists, it is unique since K
× ⊂ ∏v|ℓKv is dense. Now suppose
θ = σ is a single embedding. Then by the decomposition theorem for ideals under of
finite extensions, the composition ι ◦ σ can be uniquely written as K ⊂ Kv σℓ−→ Qℓ,
where σℓ ∈ ΓKv . Having constructed σℓ for σ ∈ ΓKv which fits into the diagram in
the proposition, we define θℓ for arbitrary θ multiplicatively. This is an isomorphism
Hom(TK , TQ)
∼−→ Hom (∏v|p TKv , TQℓ) as it induces a bijection between generators of two
free groups.
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2.3 Galois characters induced from algebraic characters
Localizing an algebraic character θ : K× → L× of global fields, one can define a number of
characters on the group of ide`les (for example, by considering the induced map on adelic
points TK(A) → TL(A)), which will in some cases descend to Galois characters. Here we
give such a construction in a rather specific case, which will be of interest in the rest of the
paper.
Definition 2.14. We say that an algebraic character θ : K× → L× is balanced if the
product θ·(θ◦σ) is a power of NmKQ for any complex conjugation σ ∈ Gal(L/Q). Otherwise,
we say θ is unbalanced. Similarly, we say an K-L bimodule V is balanced (resp. unbalanced)
if the character detL V is balanced (resp. unbalanced).
The following two lemmas, which will play a central role in the following sections, show
that if we hope to extend an algebraic character θ (thought of as a Galois character of
a product of local field) to a global Galois group, then (under certain mild ramification
conditions) θ has to be balanced.
Lemma 2.15. The character θS is balanced if and only if θS(u) is a root of unity for any
unit u ∈ O×K .
Proof. Let us order the σi so that σ1, σ2, . . . , σr1 are real embeddings, and σr1+i is the
complex conjugate of σr1+r2+i. Consider the multiplicative Minkowski embedding, i.e. the
map µ : O×K → RrK+1 given by
µ : x 7→ ( log |σ1(x)|, log |σ2(x)|, . . . , log |σr1(x)|, 2 log |σr1+1(x)|, . . . , 2 log |σr1+r2(x)|).
Dirichlet’s unit Theorem states that the kernel of µ is roots of unity and the image of µ
is a lattice in RrK+10, the subspace of vectors in R
rK+1 whose sum of coordinates is zero.
Call this lattice Λ = Im(µ) ⊂ RrK+10. Observe that for any S ∈ Z[ΓK ], the function(
x 7→ log
∣∣θS(x)∣∣) = fS ◦ µ
factors as the composition of µ with a linear function fS : RrK+1 → R. Since θS(u) is a
root of unity for any unit u ∈ O×K , it follows that fS vanishes on units; moreover, since fS
is linear, fS vanishes on the hyperplane spanned by the units. Hence it must be a multiple
of the defining equation of the hyperplane,
∑r1+r2
i=1 xi.
The converse follows from the fact that if |θ(u)| = 1 under any complex embedding,
then θ(u) is a root of unity.
Lemma 2.16. If the localization θSℓ coincides on an open subgroup U ⊂
∏
v|ℓO×Kv with the
composition ∏
v|ℓO×Kv −−−−→ IK −−−−→ Gal(Kab/K)
ψ−−−−→ Q×ℓ
for a character ψ : Gal(Kab/K)→ Q×ℓ which is ramified at only finitely many primes and
has finite ramification index at primes not lying over ℓ, then θS is balanced.
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Proof. Let (O×K)ℓ be the image of the group of units under the embeddingO×K →֒
∏
v|ℓO×Kv ,
and let Uℓ ⊂ IK be the subgroup (O×K)ℓ×
∏
v∤ℓO×Kv . Then the image of Uℓ in IK/K× coin-
cides with the image of
∏
v∤ℓO×Kv , which (by the finite ramification outside of ℓ assumption)
has finite image under ψ. On the other hand, ψ(Uℓ) contains a subgroup of finite index
of the image θS(O×K). Hence, the image of O×K under θS is finite, so θS is balanced by
Lemma 2.15.
Next we prove a converse — that if the character is balanced then we can in fact extend
it to a global Galois character with appropriately mild ramification behavior.
Definition 2.17. The group of Weil elements WL ⊂ L× is the group of elements w ∈ L×
satisfying w · σ(w) ∈ Q× for any complex conjugation σ ∈ Gal(Kgal/Q).
Definition 2.18. We say that F is a CM field if any complex conjugation restricts to the
same nontrivial element of Gal(F gal/Q). Equivalently, F is a CM field if F is a quadratic
totally imaginary extension of a totally real subfield.
It is easy to see that a balanced character K× → L× factors through an embedding
F ⊂ L, where F is either a CM field or F = Q. We will from now on take F to be a CM
field (or Q) and θ : K → F to be an algebraic character.
Definition 2.19. The Weil class group ClW (F ) = IF /WF is the group of fractional ideals
modulo the group of Weil elements of F . (Note that it is in general an infinite group.)
As θ is a map of algebraic groups, θ induces a map from the ide`les of K to the ide`les
of L. Since θ is balanced, the image (viewed as a map K× → F×) of θ lies in the group of
Weil elements of F .
Definition 2.20. We define Cθ : Cl(K)→ ClW (F ) to be the map induced by θ.
Definition 2.21. Write IθK for the group of ide`les of K whose ideal class is in the kernel
of Cθ. Write Kθ for the abelian extension of K corresponding to the subgroup I
θ
K ⊂ IK .
Definition 2.22. We write N0 for the number of roots of unity in F , and µF = µN0 for
the group of roots of unity in F .
A Weil element which is a unit has norm 1 under any complex embedding, and hence
is a root of unity. Therefore, θ induces a map Iθ from Iθ to WF /µF . Now, we fix an
embedding F →֒ Qℓ.
Definition 2.23. For a map θ : K× → F× ⊂ Q×, we define the character ψθ : IθK → Qℓ/µF
via ψθ := Iθ · θ−1ℓ .
Slightly abusing notation, given a K − F bimodule Φ we define ψF,Φ := ψθ for θ =
detK Φ : K
× → Q×.
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Lemma 2.24. The character ψθ is trivial on principal ide`les and has image contained in
O×
Qℓ
/µF .
Proof. To show triviality on principal ide`les, it suffices to note that given x ∈ K×, we have
an equality of principal ideals (Iθ(x)) = (θ(x)), both of which are generated by a Weil
number. To show that the image lies in O×
Qℓ
, it suffices to note that ψθ(πv) and θℓ(πv) have
the same norm for πv ∈ Kv a uniformizer.
Extending the character to infinite places by the trivial map, this lets us define a Galois
character (on Gal(K/Kθ)) given any CM field F and balanced character K
× → F×.
Remark 2.25. The above character is uniquely determined by the property that it takes
any uniformizer πw for w ∤ ℓ and with [w] ∈ kerCθ to a Weil number generating the ideal
Iθ(w) (up to roots of unity).
3 Abelian Varieties with Complex Multiplication
3.1 Galois Characters Associated to CM Abelian Varieties
Let B be an abelian variety defined over a field K of characteristic zero. Recall that we say
B has endomorphisms by a number field E if there is an injection ι : E →֒ EndK(B)⊗Q.
The p-adic Tate module is a finite-dimensional (E ⊗ Qp)-module, so we can take the
determinant over (E⊗Qp) of the Galois action. (If we write E⊗Qp =
∏
v|pEv, this is just
the product of the Ev-linear determinants.) This determinant of the Galois action gives us
a map Gal(K/K)→ (E ⊗Qp)×.
Note that the E-action gives a decomposition of the Tate module with extended co-
efficients, B[p∞] ⊗ Qp, into eigenspaces (corresponding to embeddings E →֒ Qp). The
E ⊗ Qp-determinant encodes the Qp-determinants (i.e. associated characters) of each of
these eigenspaces. The Qp-determinant of the σ-eigenspace of E is given by the character
ψB,σ defined as follows.
Definition 3.1. Define the character
ψB,σ := (σ ⊗ id) ◦ det
E⊗Qp
B[p∞]⊗Qp.
We will see that the study of ℓ-adic associated characters can be reduced to studying the
characters ψB,σ . Namely, suppose that B is an abelian variety. Let V and W be subspaces
of B[ℓ∞]⊗Qℓ; write V 0 and W 0 for V ∩B[ℓ∞]⊗Zℓ and W ∩B[ℓ∞]⊗Zℓ respectively. We
define the distance function d(V,W ) = ℓ−n(V,W ), where
n(V,W ) = max
{
m : V 0 + ℓmB[ℓ∞]⊗ Zℓ =W 0 + ℓmB[ℓ∞]⊗ Zℓ
}
.
Then we have the following lemma.
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Lemma 3.2. Suppose B is an abelian variety over a number field K. Let V be an irre-
ducible GK-equivariant subspace (or, in this case equivalently, subquotient) of B[ℓ
∞]⊗Qℓ.
Then for any ǫ > 0, there is an α ∈ End(B) such that d(V,W ) ≤ ǫ for some eigenspace W
of the action of α on B[ℓ∞]⊗Qℓ.
Proof. Let V = σ0V, σ1V, . . . , σmV be the conjugates of V under the action of Gal(Qℓ/Qℓ).
By a theorem of Faltings (Theorem 3 of [4]), the Galois representation B[ℓ∞] ⊗ Qℓ is
semisimple. This means it remains semisimple after extending coefficients to Qℓ, and so
B[ℓ∞] ⊗ Qℓ = σ0V ⊕ · · · ⊕ σmV ⊕ V ′ for some subrepresentation V ′. Now let H be the
subgroup of GQℓ of elements which take V to itself, and let K ⊂ Qℓ be the fixed subfield
of H. The extension K/Qℓ is finite, so we can choose α ∈ K a primitive element over Qℓ.
Now we define an endomorphism
α0 = σ0(α) · idσ0V ⊕ · · · ⊕ σm(α) · idσmV ⊕ 0V ′ : B[ℓ∞]⊗Qℓ → B[ℓ∞]⊗Qℓ,
and notice that it is Gal(K/Qℓ)-invariant, and hence α0 restricts to a GK -invariant endo-
morphism α0 : B[ℓ
∞]⊗Qℓ → B[ℓ∞]⊗Qℓ.
Another theorem of Faltings (Theorem 4 of [4]) gives that
End(B)⊗Qℓ ∼= EndGK (B[ℓ∞]⊗Qℓ).
In particular, there is an element α ∈ EndB ⊗Q whose induced map on the Tate module
approximates α0 to arbitrary ℓ-adic precision. Then V is arbitrarily close to a single
eigenspace of the action of α on B[ℓ∞]⊗Qℓ.
Now suppose B is simple (we can study the general case by decomposing B up to
isogeny into a product of simple abelian varieties). We take E = Q(α), so detW = ψB,σ . In
the next two sections, we will see that up to multiplication by roots of unity in E, the char-
acter ψB,σ is determined by the field E plus some finite combinatorial data. In particular
(up to multiplication by bounded roots of unity), there are only finitely many characters
giving the Galois action detW in the above lemma; it follows by taking a sufficiently good
approximation W that one of these finitely many characters gives the action on detV .
3.2 Local Case
Suppose that K = K is a p-adic field. By local class field theory, we have a natural map
rec : K× → Gal(Kab/K).
Now, consider the determinant of the Galois action Gal(K/K) → (E ⊗ Qp)×. Since
(E ⊗ Qp)× is an abelian group, this map factors through Gal(Kab/K). Precomposing
with the reciprocity homomorphism, we get a map K× → (E ⊗ Qp)×. Write Lie(B) for
the tangent space to the identity element of B. Since Qp ⊂ K acts on Lie(B), the Lie
algebra Lie(B) naturally has the structure of an (E ⊗ Qp)-K bimodule. We get another
map K× → (E ⊗ Qp)× induced by taking the determinant over E ⊗ Qp of the K×-action
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on the (E ⊗Qp)-K bimodule Lie(B) (c.f. Proposition 2.9). These maps do not necessarily
coincide, but they almost do (up to sign); namely, we have the following theorem, due to
Conrad.
Theorem (Conrad, Appendix A). Let B be an abelian variety defined over a local field K
of residue characteristic p, which admits an injection ι : E →֒ EndK(B)⊗ Q. Then, there
is an open subgroup U ⊂ O×K on which the following diagram commutes.
U ⊂ K× rec−−−−→ Gal(Kab/K)
u 7→(x 7→u−1·x)
y ydetE⊗Qp ◦ρB,p∞
AutE⊗Qp(Lie(B)) −−−−−→
detE⊗Qp
(E ⊗Qp)×
Remark 3.3. When B has semistable reduction, we can take U = O×K (see Appendix A).
By Lemma 4.6, this implies that we can take U to have index dividing the constant cg
defined in Section 4.2 below.
The above lemma implies that, choosing an embedding σ : E →֒ Qp, the character
ψB,σ (Definition 3.1) is the same as (detE Lie(B))p (see Propositions 2.9 and 2.12) when
restricted to an open subgroup.
3.3 Global Case
Now suppose K is a global field and B is a simple abelian variety over K. As explained
in Section 3.1, any ℓ-adic associated character of B is given by a ψB,σ, corresponding to
an eigenspace for the action of a number field E →֒ End(B) ⊗ Q. We see from Conrad’s
Theorem 3.2 above that ψB,σ equals (detE Lie(B))ℓ (in the notation of Definition 2.13),
when restricted to an open subgroup of
∏
v|ℓO×v ⊂ Gal(K/K)ab.
Define F ⊂ E to be the composite of all CM subfields of E (so F is either a CM field
or F = Q). Then we have the following lemma.
Lemma 3.4. The E-representation Lie(B) is induced from some F -representation Φ, i.e.
Lie(B) ≃ Φ⊗F E. Moreover, detE Lie(B) = detF Φ.
Proof. By Lemma 2.16, detE Lie(B) is a balanced character, and hence has image con-
tained in a CM field (or Q). Equivalently by Lemma 2.9, the E-module Lie(B) is induced
from a module over F , i.e. Lie(B) ≃ Φ ⊗F E for some F -K bimodule Φ. It follows that
detE Lie(B) = detF Φ.
Definition 3.5. We say that a polarized abelian variety B is a (F,Φ)-abelian variety
if B has endomorphisms by a number field E ⊃ F such that the action of E makes
Lie(B) ≃ Φ⊗F E as an E-K bimodule. We call (F,Φ) the CM-type of B.
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Lemma 3.4 shows that any ℓ-adic associated character of a simple abelian variety is a
product of characters of the form ψB,σ for an (F,Φ)-abelian variety B.
Theorem 3.6. Suppose B is an (F,Φ) abelian variety and θ : K → Q is the algebraic
character detF Φ induced from Φ under the correspondence of Proposition 2.9. Then, in
the notation of Definitions 2.21 and 2.23 we have K = Kθ and ψB,σ ≡ ψθ mod µF .
Before proving the theorem, we give an equivalent statement which we will use in the
following sections. Let θ = detF Φ as before, and write F
′ ⊂ K for the minimal field such
that θ : K× → F× factors as the composition of NmKF ′ with θ0 : F ′ → F .
Definition 3.7. We write KF,Φ = Kθ0 and ψF,Φ = ψθ0 .
Remark 3.8. We have Kθ = K ·KF,Φ, and ψθ = ψθ0 ◦ NmKF ′. Both the field KF,Φ and the
character ψF,Φ are geometric invariants of B; i.e. they are unchanged under base extensions.
Unwinding the definitions, we see that the first part of Theorem 3.6 is equivalent to
the assertion that K ⊃ KF,Φ.
Proof of Theorem 3.6. First we show that ψB,σ ≡ ψθ mod µF restricted to Gal(K/Kθ),
where both characters are defined. Consider the quotient
ǫ := ψB,σ/ψθ : Gal(K/Kθ)→ Qℓ/µF .
The two characters ψB,σ and ψθ coincide on an open subgroup of any inertia subgroup
O×Kv ⊂ IK for v | ℓ and have finite ramification degree outside of ℓ, so the image of ǫ is
finite. Now, we use the following lemma.
Lemma 3.9. For any prime v of good reduction for B, there is an embedding E ⊂ Qℓ such
that ψB,σ(πv) ∈ E ⊂ Qℓ. Furthermore, if F 6= Q, then ψB,σ(πv) ∈ F×.
Proof. We have ψB,σ(πv) ∈ E ⊂ Qℓ by paragraph 11.10 of [19]. If F 6= Q, then F contains
all totally real fields as well as all CM fields; since ψB,σ is a Weil number, it follows that
ψB,σ ∈ F .
By definition, ψθ takes values in F
×/µF , so ǫ takes Frobenius elements to elements of
µE/µF = {1}. Hence, by the Chebotarev density theorem, ǫ is trivial.
Now it remains to prove that K = Kθ. Although this follows from Lemma 3.11 of
the next section, we give an alternative proof here. For F = Q, this is immediate; thus,
we assume F 6= Q. Now suppose v is a prime ideal of K of good reduction for B. Since
πhKv ∈ Gal(K/Kθ), we have ψB,σ(πhKv ) ≡ ψθ(πhKv ) mod µF . By Lemma 3.9, ψB,σ(πv) ∈ F ,
so (ψB,σ(πv))
hK = (ψθ(πv))
hK as ideals of F . As the group of ideals of F is torsion-free,
(ψB,σ(πv)) = (ψθ(πv)). Hence, θ(v) is generated by ψB,σ(πv), which is a Weil element of
F . By the Chebotarev density theorem, we conclude that Cθ : Cl(K)→ ClW (F ) is trivial,
i.e. K = Kθ.
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3.4 Shimura Varieties and the Field KF,Φ
We have seen in the previous section that if there is an (F,Φ)-abelian variety B defined
over a number field K, then K contains a certain field KF,Φ associated to the CM type
(F,Φ). One can ask whether the converse holds, namely:
Question 1. Does there exist an abelian variety with CM by (F,Φ) defined (and with CM
defined) over KF,Φ?
To the best of our knowledge, the above question is open, although we suspect it is false
in general. However we give a statement (Theorem 3.11 below) which is the best we can
do short of answering Question 1. This section will be devoted to formulating and proving
this statement, which will boil down to a computation with Shimura varieties. No result
from this section will be used in the rest of the paper.
Suppose X is a reduced scheme of finite type over a field K ⊂ C and B → X is a (flat)
family of polarized abelian varieties over X.
Definition 3.10. The family B → X is a strong (F,Φ)-family of abelian varieties if there
is a map of rings ι : OF →֒ End(B/X) making every C-fiber of B → X an (F,Φ)-abelian
variety with E = F and θ ◦ ι(α) = ι(α)∗ ◦ θ, where θ : B → B∨ is the polarization.
We might hope to weaken Question 1 by replacing SpecKF,Φ with a geometrically irre-
ducible K-scheme X of finite type. In other words at least morally, for any field K, there
should be a strong (F,Φ)-family of abelian varieties B → X over a geometrically irreducible
K-scheme of finite type if and only if K ⊃ KF,Φ. The main result of this section will be the
following theorem, which essentially states this is true if we allow “families whose members
are defined up to isomorphism.” More precisely, we have:
Theorem 3.11. Let (F,Φ) be a CM type, with Φ balanced. Then there exists a coarse
moduli space of strong (F,Φ)-abelian varieties, which is defined over K provided that Φ is
defined over K. Moreover, the separating field of this moduli space (i.e. the minimal field
over which any irreducible component is geometrically irreducible) is KF,Φ.
To prove this theorem, we will use the language of Shimura varieties classifying polarized
abelian varieties with CM.
First we prove that Φ must be a balanced character, which can be reformulated as the
following lemma.
Lemma 3.12. There exists an (F,Φ)-abelian variety if and only if Φ⊕ Φ ≃ F b ⊗Q K for
some integer b (i.e. if and only if Φ is balanced).
Proof. Suppose there was some (F,Φ)-abelian variety B defined over C. Write B(C) =
Cg/Λ. Note that Λ⊗Z Q is an F -vector space, hence isomorphic to F b for some integer b.
Therefore, as representations of F :
Φ⊕ Φ ≃ Lie(B)⊕ Lie(B∨) ≃ Λ⊗Z C ≃ (Λ⊗Z Q)⊗Q C ≃ F b ⊗Q C.
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Now, we show the converse. Since Φ ⊕ Φ ≃ F b ⊗Q C and all irreducible complex
representations of F are one-dimensional, we can write
Φ =
b⊕
i=1
Φi where Φi ⊕ Φi ≃ F ⊗Q C.
By the theory of complex multiplication [12], there exists a complex abelian variety Bi
having CM by OF with CM type Φi. Then B =
∏b
i=1Bi is an (F,Φ)-abelian variety,
completing the proof.
We now define and study the (coarse) moduli space of strong (F,Φ)-abelian varieties.
This moduli space has infinitely many connected components, which we can remedy by
keeping track of certain combinatorial data. The first such piece of data is the skew form
〈·, ·〉 on the adelic Tate module H1(B, Ẑ) =
∏
ℓB[ℓ
∞] induced by the polarization. We can
also keep track of the action α : OF → End(H1(B, Ẑ)), which must satisfy
〈α(a) · x, y〉 = 〈x, α(a) · y〉 for all a ∈ OF . (3)
Furthermore, we note that as symplectic F -representations, H1(B, Ẑ) ≃ H1(B,Z) ⊗ Ẑ
and Φ ⊕ Φ ≃ H1(B,Z) ⊗ C, where H1(B,Z) is the singular homology of B with integral
coefficients.
Definition 3.13. A CM datum is a quintuple (F,Φ, 〈·, ·〉, α,Λ) where (F,Φ) is a CM type
with Φ of dimension g over C, Λ is a 2g-dimensional Ẑ-lattice, 〈·, ·〉 is a skew-symmetric
integral form on Λ, and α : OF → End(Λ) is an action of OF on Λ, satisfying formula (3).
We additionally require that Λ is compatible with Φ: i.e., for some (not necessarily unique)
Z-lattice Λ0, we have Λ0 ⊗ Ẑ ≃ Λ and Λ0 ⊗ C ≃ Φ⊕ Φ as symplectic OF -modules.
We say that a polarized abelian variety B has CM datum (F,Φ, 〈·, ·〉, α,Λ) if there is an
isomorphism H1(B, Ẑ) ∼= Λ with OF -action and polarization form induced by α and 〈·, ·〉
respectively. We will often denote the CM datum by a single letter, D = (F,Φ, 〈·, ·〉, α,Λ).
More generally, suppose X is a reduced scheme over K and that B → X is a strong
(F,Φ)-family of abelian varieties. We say this family has CM datum (F,Φ, 〈·, ·〉, α,Λ) if
the OF -action induces CM datum (F,Φ, 〈·, ·〉, α,Λ) on each C-fiber. (A definition over
arbitrary base schemes is possible but more involved; this one suffices for our purposes.)
One can ask whether the functor of families of (F,Φ)-abelian varieties with CM datum
D = (F,Φ, 〈·, ·〉, α,Λ) is representable. In general, it is not representable as a scheme, but
is so as a (Deligne-Mumford) stack. We will consider here for simplicity the coarse moduli
space SD of such abelian varieties — the initial scheme which admits a map from this
moduli stack (or via the Yoneda embedding, the initial scheme S such that Hom(−, S)
admits a map from the functor CMD which assigns to a scheme the set of families over it
with CM by D). Points of the coarse moduli space correspond canonically to (F,Φ)-abelian
varieties with CM datum D up to isomorphism.
19
Let (F,Φ) be a CM type defined over a field K, and from now on suppose that the
moduli space of strong (F,Φ)-abelian varieties is nonempty. Equivalently (by Lemma 3.12),
suppose that Φ ⊕ Φ ≃ F b ⊗Q K for some integer b. Note that the moduli space of strong
(F,Φ)-abelian varieties is a disjoint union over all possible sets of CM data D of the moduli
space of strong (F,Φ)-abelian varieties with CM datum D. In order to prove Theorem 3.11
we will identify this latter moduli space with a Shimura variety (defined below).
Definition 3.14. If G is an algebraic group over k, and K is an extension of k, we define
G/K = G×Spec k SpecK.
Definition 3.15. We write S = ResCRGm,C.
Definition 3.16. Let G be an algebraic group over the rationals, h : S → G/R be a map
of real algebraic groups, and GO ⊂ G(Af ) be a compact subgroup. Writing K∞ for the
stabilizer of h in G(R), we define the Shimura variety to be the double coset space
ShGO (G,h) := K∞ ×GO\G(A)/G(Q).
We will be interested in a particular class of Shimura varieties, corresponding to partic-
ular triples (G,h,GO) which we now describe. Let D = (F,Φ, 〈·, ·〉, α,Λ) be a CM datum,
and Λ0 be a Z-lattice with Λ0 ⊗ Ẑ ∼= Λ and Λ0 ⊗ C ≃ Φ ⊕ Φ as symplectic OF -modules.
While Λ0 is noncanonical, V = Λ0 ⊗ Q (which we think of as a vector space over F ) is
uniquely determined by D by the Hasse-Minkowski principle for quadratic forms.
Definition 3.17. Define GSp(V ) to be the group of F -linear maps V → V preserving 〈·, ·〉
up to a (rational) scalar. We think of this as an algebraic group over Q.
Take G = GSp(V ), and let GO ≃ G(OAf ) ⊂ G(Af ) be the stabilizer of Λ⊗Z OAf . Let
h : S → GR be the unique map of real algebraic groups inducing multiplication by z−1 on
Φ and by z−1 on Φ for an isomorphism V ⊗Q C ≃ Φ⊕ Φ as F -C bimodules.
Theorem (Deligne, [3], paragraph 4.12). The coarse moduli space of strong (F,Φ)-abelian
varieties with given CM datum D is the above Shimura variety.
Now, we recall some theorems of Shimura which describe when the irreducible compo-
nents of ShGO(G,h) are geometrically irreducible. To state these theorems, first observe
that Hom(S/C,Gm,C) has for a basis the characters z and z such that the composition
C× ≃ S(R) →֒ S(C) → Gm,C ≃ C× is the identity and complex conjugation respectively.
Write r : Gm,C → S/C for the unique map such that z ◦ r is the identity and z ◦ r is trivial.
Theorem (Shimura; see Deligne [3], paragraphs 3.6, 3.7, 3.9 and 3.14). Suppose that the
commutator subgroup G′ = [G,G] of G is simply connected. Then ShGO(G,h) is defined
over K if and only if the conjugacy class of the composite map
h ◦ r : Gm,C → SC → GC
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is defined over K. Moreover, writing T = Gab = G/G′ and ν : G → T for the projection
map, the irreducible components of ShGO(G,h) are geometrically irreducible if and only if
λ((ResKQ Gm,K)(A)) ⊂ ν(GO) · T (Q) · ν(K∞),
where the map λ : ResKQ Gm,K → T is defined by
λ(a) = NmKQ ◦ResKQ (ν ◦ h ◦ r)(a−1).
We now use these results to prove Theorem 3.11.
Proof of Theorem 3.11. By the above discussion, it suffices to show that the Shimura va-
rieties ShGO (G,h) are defined over K provided that Φ is defined over K, and that in this
case, every irreducible component of ShGO(G,h) is geometrically irreducible if and only if
f = detF Φ induces the zero map Cl(K) → ClW (F ). Note that G′ is simply connected,
since it is isomorphic to a special unitary group over F . Thus, we can invoke the theorems
of Shimura above.
That ShGO(G,h) is defined over K is clear: Because Φ is defined over K, the conjugacy
class of r ◦ h is therefore defined over K.
To see that every irreducible component of ShGO(G,h) is geometrically irreducible if
and only if f : Cl(K)→ ClW (F ) is zero, we first notice that
T =
{
(x, y) ∈ (ResFQ Gm,F )×Gm,Q : x · x = yb} .
Here, the abelianization map ν : G→ T is given explicitly by g 7→ (det g, a), where a is the
unique element of Q for which 〈gx, gy〉 = a · 〈x, y〉. Under this identification, the map λ is
given by
λ(a) =
(
det
F
(
(x 7→ a · x) : Φ→ Φ),NmKQ a) .
Thus, the irreducible components of ShGO(G,h) are geometrically irreducible if and
only if for all a ∈ K×(A), we have λ(a) ⊂ ν(GO) · T (Q) · ν(K∞).
As ν(GO) = T (OAf ) and ν(K∞) contains the connected component of T (R), the above
condition is equivalent to the assertion that for all a ∈ K×(A), we can find x ∈ F× so that
(f(a)) = (x) and x ·x ∈ (Q×)b. Since (f(a) ·f(a)) = (g(a))b and x ·x > 0, this is equivalent
to x ·x ∈ Q×. But this is just the assertion that f : Cl(K)→ ClW (F ) is the zero map.
This concludes the proof of Theorem 3.11. As a corollary of Theorem 3.11, we can
reprove a well-known fact about the field of definition of abelian varieties with full CM (see
for example [12]).
Corollary 3.18. If dimK Φ =
[F :Q]
2 , i.e. the CM is full, then there exists an (F,Φ)-abelian
variety B defined over KF,Φ.
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Proof. In this case the Shimura variety ShGO(G,h) is zero-dimensional, hence any geo-
metrically irreducible component over KF,Φ corresponds to a single (strong) (F,Φ)-abelian
variety whose field of moduli is KF,Φ. Moreover, by [11], this abelian variety can be defined
over its field of moduli.
Finally, using a theorem of Rizov, we have:
Corollary 3.19. The intersection of all fields K over which one can define an (F,Φ)-
abelian variety is KF,Φ.
Proof. This follows from Theorem 3.11 by a theorem of Rizov [15].
4 Associated Characters of A[ℓ]: Local Properties
In this section, we give some local properties of the associated characters of A[ℓ], most
importantly Lemmas 4.3 and 4.11, and Corollary 4.7.
4.1 Action of Frobenius Elements
Fix a prime v ∤ ℓ. If A has good reduction at v, then ρA,ℓ∞ is unramified at v and the
Frobenius element at v acts by a matrix whose characteristic polynomial Pv is defined
over Z, and which has the additional property that all roots of Pv have (complex) norm√
|Nm(v)|. (Note that this implies a bound on the coefficients of Pv given v.) When
instead of ρ we consider an associated character ψ, this implies that ψ at a prime of good
reduction is unramified, and the image of a Frobenius element satisfies a polynomial all of
whose roots are a product of d roots of Pv.
When we drop the assumption that v has good reduction, the character ψ can become
ramified at v, but a very similar result still holds — in particular, the image under ψ of
any Frobenius element π of v satisfies one of a finite set (depending on v) of polynomials
with integral coefficients. Namely, we have the following result of Grothendieck.
Lemma 4.1 (Grothendieck). Let v ∈ ΣK \ Σℓ be any prime not dividing ℓ. Then for any
choice of Frobenius element π = πv ∈ GK extending frobv, the characteristic polynomial
Pπ of π acting on the ℓ-adic Tate module A[ℓ
∞] has the following properties.
1. The coefficients of Pπ are integers, and are independent of ℓ.
2. Every root of Pπ has magnitude that does not depend on the choice of complex em-
bedding, and is equal to 1, the norm of v, or the square root of the norm of v.
3. The roots of Pπ come in pairs which multiply to the norm of v.
Proof. Properties 1 and 2 are Theorem 4.3(b) and Corollary 4.4 in [6] respectively; prop-
erty 3 follows from the Galois-invariance of the Weil pairing.
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Note that ψ(π) is the product of some subset of eigenvalues of ρA,ℓ(π). In light of the
above lemma, this means that ψ(π) is the reduction modulo some prime ideal l ⊂ OQ lying
over ℓ of a product of d roots of Pv in Q.
Definition 4.2. For any prime v of K, choose a Frobenius element π over v and define
ψC(v) ∈ Q
to be a product of d distinct roots of Pπ such that ψ(π) ≡ ψC(v) mod l (There may be
several choices for ψC(v), but at least one exists by the above lemma. We make such a
choice for each v.)
Lemma 4.3. For any prime ideal v ∤ ℓ, there are only finitely many possible values of
ψC(v), all of which are algebraic of degree at most
(2g
d
)
. Moreover, there is some integer a
with 0 ≤ a ≤ 2d such that under any complex embedding,
|ψC(v)| =
√
|NmKQ (v)|
a
.
Proof. This is a direct consequence of Lemma 4.1. (To see that ψC(v) is algebraic of degree
at most
(2g
d
)
, note that any conjugate of ψC(v) in Q is a product of d roots of the Frobenius
polynomial Pπ ∈ Z[x], and in particular there are at most
(2g
d
)
of them.)
4.2 Semistable Reduction
It is well known that any abelian variety A becomes semistable after a finite extension of
the ground field. In order to analyze the local action of ρA,ℓ in Section 4.3, we will need to
make some more precise statements, which let us control the ramification in a careful way.
Definition 4.4. We define the constant cg to be the least common multiple of all integers
n such that for all but (at most) one odd prime p, the symplectic group Sp2g(Fp) has an
element of order n.
Remark 4.5. For an alternative definition of cg, see Theorem 7.2.
Lemma 4.6. Let v be a valuation on K. Then there exists a (finite and Galois) extension
L of K such that A acquires semistable reduction at v over L and the exponent of the
inertia subgroup at v of Gal(L/K) divides cg.
Proof. For any odd prime p distinct from the residue characteristic of v, write L(p) for the
field obtained by adjoining the p-torsion points of A to K. By Proposition 4.7 of [6], A
acquires semistable reduction over each L(p).
For any set S of prime numbers, define cS(g) to be the least common multiple of all
integers n such that for all odd primes p ∈ S, the symplectic group Sp2g(Fp) has an element
of order n. Clearly, we can select some finite set S = {p1, p2, . . . , pk} of primes, all distinct
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from the residue characteristic of v, so that cS(g) = cg. Moreover, we can select this set of
primes such that none of them divide the degree of some fixed polarization of A.
Write F = L(p1) · L(p2) · · ·L(pk) for the composite field, and I ⊂ Gal(F/K) for the
inertia subgroup at v. Define L ⊂ F to be the fixed field of the subgroup generated by the
kernels of the restriction maps on I, i.e.
L = fixed field of
(〈
ker
(
I → Gal (L(pi)/K)) : i = 1, 2, . . . k〉 ⊂ Gal(F/K)) .
Then an element of Gal(L/K) is the image of an element in Gal(Lpi/K) for any i, so its
order divides cg. To see that A acquires good reduction over L, fix some prime q distinct
from the residue characteristic of v and all of the pi.
As proved in subsection 4.1 of [6], the subset I ′ ⊂ I of elements which act unipotently
on the Tate module TqA forms a normal subgroup. Proposition 3.5 of [6] implies that for all
pi, the kernel ker
(
I → Gal(L(pi)/K)) acts unipotently on TqA; hence the kernel belongs to
I ′. Thus, the subgroup spanned by the kernels belongs to I ′, and therefore acts unipotently
on TqA. Applying Proposition 3.5 of [6] again, we see that A acquires semistable reduction
at v over L.
Corollary 4.7. The character ψcg is unramified at all places v not lying over ℓ.
Proof. By Proposition 3.5 of [6], ρA,ℓ,L is unramified at v if v is semistable for A over L.
Now gcg ∈ GL ⊂ GK for any g ∈ GK , hence the corollary.
Lemma 4.8. Let v | ℓ, and suppose ℓ ∤ cg. Then, for any abelian variety A, there exists an
extension Lw/Kv over which A acquires semistable reduction and such that [Lw : Kv] | cg.
Proof. Write L0 for the field L given by Lemma 4.6, and let w0 be an extension of v to L
0.
Since ℓ ∤ cg, it follows that L
0
w0/Kv is tamely ramified. In particular, its inertia subgroup
is cyclic. Thus, the order e of its inertia subgroup divides cg.
Write Iv ⊂ Gv = Gal(Kv/Kv) for the inertia subgroup and Gres = Gal(kv/kv) for the
Galois group of the residue field. Note that there are noncanonical splittings Gres → Gv
making Gv into a semidirect product of Iv and Gres. Fix such a splitting. Now if H0 is the
normal subgroup corresponding to L0w0 then H0 ∩ Iv is normal in Gv and we can take for
Lw the field corresponding to the (not necessarily normal) subgroup H0 ∩ Iv ×Gres.
Remark 4.9. Since in what follows we will only be interested in the action of Iv, one could
also work with the extension Knrv · L0w/Knrv instead of having to choose a splitting and
working with Lw/Kv . We will use the essentially equivalent pair Lw/Kv to avoid dealing
with infinite p-adic extensions.
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4.3 Action of Inertia Groups
Suppose at first that v | ℓ is semistable for A. Then a remarkable result of Raynaud [14]
shows that the associated characters of ρℓ restricted to Iv are algebraic over ℓ in the sense
of section 2.
Lemma 4.10. If A has semistable reduction at v | ℓ, then ψ|Iv is the reduction of a negative
algebraic character of degree at most d times the ramification index of v.
Proof. As explained in [6], subsection 2.2.3, we have a canonically defined subrepresentation
A[ℓ]f ⊂ A[ℓ] which comes from a finite flat commutative group scheme over SpecOKv .
Thus, when restricted to the inertia subgroup, the associated character ψ decomposes as a
product of at most d associated characters of A[ℓ]f and of the quotient A[ℓ]/A[ℓ]f. For the
associated characters of A[ℓ]f, we are done by Corollary 3.4.4 of [14]. On the other hand,
Proposition 5.6 of [6] implies that the action of the Galois group on A[ℓ]/A[ℓ]f is unramified
at v, i.e., each associated character of the restriction to the inertia subgroup is trivial.
Lemma 4.11. Let v | ℓ, and suppose ℓ ∤ ∆K · cg. Then, for any abelian variety A, the
restriction ψcg |Iv is the reduction of a negative algebraic character of degree at most d · cg.
Proof. Let Lw be the field given by Lemma 4.8; write e = [Lw : Kv]. Functoriality of class
field theory tells us that the map ρA,ℓ : O×Lw → F
×
ℓ giving the action of Gal(L
ab/L) on A[ℓ]
is defined by composition with the norm map NmLwKv : O×Lw → O×Kv , as follows
O×Kv ✲ O×Lw
O×Kv
NmLwKv
❄
ψ
✲
x 7→
x e ✲
F
×
ℓ
ψ
✲
Since ℓ ∤ ∆K , the ramification index of w is at most e. In addition, for any u ∈ O×Kv ,
we have
ψ(u)cg = ψ(ue)cg/e = ψ
(
NmLwKv u
)cg/e
which is the reduction of a negative algebraic character of degree at most d·cg by Lemma 4.10.
5 Associated Characters of A[ℓ]: Global Analysis
In this section, we will patch the local information from the previous section together into
global information in order to deduce the main theorem.
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Remark 5.1. In fact, we will prove the main theorem using only Lemmas 4.3 and 4.11, and
Corollary 4.7 from the previous section (as well as the fact that cg is even). In particular,
this means that the conclusion of the main theorem holds more generally for any Galois
character satisfying these three results. (When we make the main theorem effective in
Section 7, we will for concreteness use the more explicit Lemma 4.1 as well.)
5.1 The Character θS
For the remainder of the paper, we can assume ℓ ∤ cg ·∆K . Together, the data of ψ at all
inertia groups lets us reconstruct ψcg on the subgroup of GK fixing the Hilbert class field.
Namely let U ⊂ I be the group of units.
Lemma 5.2. There is a positive algebraic character θF of degree at most d · cg such that
the restriction ψcg |U ≡ (θFℓ )−1 mod l.
Proof. This is an immediate consequence of Lemma 4.11 and the fact that ψcg is unramified
at v ∤ ℓ (by Lemma 4.7). (Note that since cg is even, we don’t need to worry about the
infinite places.)
Definition 5.3. We say that a pair (S, e), where e | cg and S ∈ Z[ΓK ] is of degree d · e
corresponds to an associated character ψ if for all x ∈ K× be relatively prime to ℓ,
ψ(x
ℓ̂
)cg ≡ θS(x)cg/e mod l.
If e is coprime to S as an element of Z[ΓK ], we say that (S, e) is reduced.
Lemma 5.4. Every associated character corresponds to a reduced pair (S, e). (When A is
semistable at all primes lying over ℓ, we can take e = 1.)
Proof. Let F ∈ Z[ΓK ] be the index from Lemma 5.2. Define f to be the greatest common
divisor of cg and the F , and write e = cg/f . By Lemma 4.10, e = 1 when A is semistable
at all primes over ℓ. We define
S =
F
f
∈ Z[ΓK ].
Since ψ(x
ℓ̂
)·ψ(xℓ) = 1 for x ∈ K×, and θF (x) = (θS(x))cg/e, we are done by Lemma 5.2.
5.2 Analysis of the Character θS
Definition 5.5. We adopt the notation “ℓ sufficiently large” to mean “ℓ larger than a
constant depending only on K and g.”
For the rest of this section, we fix K and one of the (d · cg+1)nK possible reduced pairs
(S, e), and we assume (S, e) corresponds to an associated character of an abelian variety.
Here we will give ineffective bounds; we will make these arguments effective in section 7.
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Lemma 5.6. For ℓ sufficiently large, the character θS is balanced.
Proof. If the character θS is not balanced, then there is some unit u for which θS(u) is not
a root of unity by Lemma 2.15. However, we have
θS(u)cg/e ≡ ψ(u
ℓ̂
)cg ≡ 1 mod l
which is a contradiction for ℓ sufficiently large.
Definition 5.7. We define h′K to be the exponent of the class group Cl(K).
Lemma 5.8. Let v be a prime ideal. As vh
′
k is principal, we can write vh
′
K = (x). Then
if ℓ is sufficiently large relative to v, we have
ψC(v)
cg·h′K = θS(x)cg/e.
Proof. If ℓ is sufficiently large relative to v, then v does not lie over ℓ. Thus, for any choice
of Frobenius element πv at v, Lemma 5.4 implies
ψ
(
π
h′K
v
)cg ≡ θS(x)cg/e mod l. (4)
Hence ℓ divides the norm of their difference. By Lemma 4.3, there are only finitely many
possibilities for the left-hand side as A ranges over all abelian varieties of dimension g. So
if ℓ is sufficiently large, then we have the desired equality.
Lemma 5.9. For ℓ sufficiently large, there is a fixed integer a with 0 ≤ a ≤ 2d such that
if σ and τ are complex conjugate embeddings (for any choice of embedding Q →֒ C), then
S(σ) + S(τ) = ae.
Proof. In light of Lemma 5.6, there is an integer a′ such that S(σ) + S(τ) = a′ for any
complex conjugate embeddings σ and τ . Hence, it suffices to show that this integer a′
satisfies a′ = a · e for a an integer with 0 ≤ a ≤ 2d.
Let v be a prime ideal of K, and write vh
′
K = (x). From Lemma 4.3, there exists some
integer a with 0 ≤ a ≤ 2d such that under any complex embedding,
|ψC(v)| =
√
|NmKQ (v)|
a
.
On the other hand, under any complex embedding, we have
|θS(x)| =
√
|NmKQ (x)|
a′
=
√
|NmKQ (v)|
a′·h′K
.
By Lemma 5.8, we have
ψC(v)
cg ·h′K = θS(x)cg/e ⇒ ψC(v)e·cg·h′K = θS(x)cg
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Combining these, we have√
|NmKQ (v)|
a·e·cg·h′K
= |ψC(v)|e·cg ·h′K = |θS(x)|cg =
√
|NmKQ (v)|
a′·cg·h′K
.
Hence a′ = a · e, which is what we wanted to show.
Definition 5.10. We define F ⊂ Q to be the smallest field containing the image of θS.
Lemma 5.11. Let v ⊂ OK be degree 1 and unramified in K/Q. Then there is no factor
e′ of e such that θS(v) is an (e′)th power in the group of ideals of F .
Proof. By assumption, the set of exponents to which primes occur in the prime factorization
of θS(v) are the same as coefficients of S. In particular, e is coprime to the greatest common
divisor of all these coefficients.
Lemma 5.12. Let ℓ be sufficiently large; suppose that v ⊂ OK is a prime ideal of degree 1,
unramified in K/Q. Write vh
′
K = (x). Then θS(x)cg/e generates F over Q.
Proof. Take any τ ∈ Gal(Kgal/Q) which fixes θS(x)cg/e. We want to show that τ fixes the
field F . Since τ fixes θS(x)cg/e, we have an equality of ideals of Kgal: ∏
σ∈ΓK
σ(v)S(σ)
h′K ·cg/e =
 ∏
σ∈ΓK
τσ(v)S(σ)
h′K ·cg/e .
Since the group of ideals of Kgal is torsion-free, this implies∏
σ∈ΓK
σ(v)S(σ) =
∏
σ∈ΓK
τσ(v)S(σ) =
∏
σ∈ΓK
σ(v)S(τ
−1σ).
Because v is an unramified prime of degree 1, its images under distinct embeddings into
Kgal generate coprime ideals of Kgal. Hence, by the uniqueness of prime factorization into
ideals for Kgal, we have S(σ) = S(τ−1σ) for all σ ∈ ΓK . Thus, for any z ∈ K×, we have
θS(z) =
∏
σ∈ΓK
σ(z)S(σ) =
∏
σ∈ΓK
σ(z)S(τ
−1σ) =
∏
σ∈ΓK
τσ(z)S(σ) = τθS(z),
so τ fixes the image of θS and hence the field F .
In particular, the above lemma together with Lemma 4.3 implies that for ℓ sufficiently
large, F has degree at most
(2g
d
)
. In fact, we can prove a stronger statement.
Lemma 5.13. If ℓ is sufficiently large, then for any ideal class v ∈ Cl(K),
ordClW (F )
(
CθS(v)
) · [F : Q] · e ≤ (2g
d
)
.
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Proof. By the Chebotarev Density Theorem, we can find some prime ideal v ⊂ OK repre-
senting the ideal class v which is of degree 1 and unramified in K/Q (since the set of prime
ideals of degree greater than 1 or ramified in K/Q has density zero). Write vh
′
K = (x). By
Lemma 5.8,
ψC(v)
cg·h′K = θS(x)cg/e. (5)
By Lemma 4.3, ψC(v) lies in some field L of degree at most
(
2g
d
)
. However, by
Lemma 5.12, the right-hand side generates the field F over Q. Thus, we have F ⊂ L.
Hence, we have an equality of ideals of L:
(ψC(v))
cg ·h′K =
(
θS(x)cg/e
)
= θS(v)cg ·h
′
K/e.
Because the group of fractional ideals is torsion-free, (ψC(v))
e = θS(v). Taking norm down
to F , we have an equality of ideals of F
(NmLF ψC(v))
e = (θS(v))[L:F ].
Since the left-hand side is an eth power in the group of ideals, the right-hand side must be
as well; thus e | [L : F ] by Lemma 5.11. Because the group of ideals is torsion-free,
(NmLF ψC(v)) = (θ
S(v))
[L:F ]
e .
The left-hand side is zero in ClW (F ), so the right-hand side is too. This gives
ordClW (F )
(
θS(v)
) ≤ [L : F ]
e
=
[L : Q]
[F : Q] · e ≤
(
2g
d
)
[F : Q] · e ,
which implies the desired inequality.
Lemma 5.14. There exists an integer N divisible by eN0 (recall that N0 is the number of
roots of unity in F ) and satisfying ϕ(N) ≤ (2gd ) such that when restricted to Gal(K/KF,Φ),
(ψ|Gal(K/KF,Φ(S)))
e·w = ψwF,Φ(S) where w =
1
e
· lcm(N, cg).
Proof. Define
χ = (ψ|Gal(K/KF,Φ(S)))
e·N0 ⊗ ψN0F,Φ(S) and w0 =
cg
gcd(eN0, cg)
.
From Lemma 4.7, it follows that χw0 is unramified at all places not lying over ℓ. By
assumption, it is trivial at all ide`les of the form x
ℓ̂
for x ∈ K× relatively prime to ℓ. It
follows that χw0 is trivial on Gal(K/HK) (by the ide`lic formulation of class field theory).
That is, χw0 gives a well-defined character χw0 : Gal(HK/KF,Φ)→ F×ℓ .
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Let v be an ideal class such that χw0(v) generates the image of χw0 in F
×
ℓ . Let v be a
prime ideal representing v which is of degree 1, does not divide h′K · cg, and is unramified
in K/Q. Note that by definition,
χ(πv) = X
N0 for X =
ψC(v)
e
g
,
where g ∈ F× is any Weil number such that θS(v) = (g).
Lemma 5.8 implies that Xh
′
K ·cg = 1 for ℓ sufficiently large. Note that by Lemma 5.12,
F ⊂ Q[πC(v)e], so Q[X] ⊂ Q[ψC(v)e] · F ⊂ Q[ψC(v)e].
By Lemma 5.11, there is no factor e′ of e for which (g) = θS(v) is an (e′)th power in
the group of ideals of F . But Lemma 5.8 implies that ψC(πv)
e equals g times an (h′K ·cg)th
root of unity, so Q[ψC(πv)
e]/F is unramified at all primes dividing θS(v). Hence, there
is no factor e′ of e for which (ψC(v)e) = (g) is an (e′)th power in the group of ideals of
Q[ψC(v)
e]. This implies that [Q[ψC(v)] : Q[ψC(v)
e]] = e. Hence, Lemma 4.3 gives
[Q[X] : Q] ≤ [Q[ψC(v)e] : Q] = 1
e
· [Q[ψC(v)] : Q] ≤ 1
e
·
(
2g
d
)
.
Since ϕ(em) ≤ eϕ(m), we can take N to be e times the number of roots of unity in
Q[X]. By construction, eN0 | N and XN/e = 1, so
(ψ|Gal(K/KF,Φ(S)))
e·w = ψwF,Φ(S) where w = gcd(N/e,N0 · w0) =
1
e
· lcm(N, cg).
Theorem 5.15. Let K be a number field and g and d be positive integers. Suppose ℓ is a
prime number not belonging to some finite set SK,g depending only on K and g. Suppose
moreover that A is a g-dimensional abelian variety defined over K and ψ0 is an associated
character of ρA,ℓ of degree d. Then, for an effectively computable integer cg < 12
4g2 , there
is a positive algebraic character θS and positive integer e such that the following conditions
are satisfied.
1. The character θS is balanced, of total degree a · e for some 0 ≤ a ≤ 2d.
2. The induced map CθS : Cl(K)→ ClW (F ) is trivial, i.e. K ⊃ KF,Φ(S).
3. There exists an integer N divisible by eN0 and satisfying ϕ(N) ≤
(
2g
d
)
such that
ψe·w = ψwF,Φ(S) where w =
1
e
· lcm(N, cg).
4. We have the inequality [F : Q] · e ≤ (2gd ).
Proof. Write e′ for the exponent of the induced map CθS : Cl(K)→ ClW (F ). Then, after
replacing (S, e) with (S · e′, e · e′), this follows from Lemmas 5.9, 5.13 and 5.14.
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5.3 Proof of Main Theorem
Theorem 5.16. Let K be a number field, and g and d be positive integers. Then, there
exists a finite set SK,g of prime numbers depending only on K and g, and a constant
0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a g-dimensional
abelian variety A with a mod-ℓ associated character ψ0 of degree d, we have
ψe·w ≡ ψwF,Φ (mod ℓ),
where ψ is either ψ0 or cyc
d
ℓ ⊗ψ−10 and w = lcm(N,cg)gcd(e,cg) . Here, F is either Q or a CM-field,
and Φ: F → End(Km) is a primitive balanced representation such that K ⊃ KF,Φ. The
quantities a, e, and N are integers with e and N positive, which satisfy m = 12 ·a ·e · [F : Q].
Moreover, 0 ≤ a ≤ d, and both ϕ(N) and e · [F : Q] are at most (2gd ).
Proof. Let (S, e) corresponding to ψ be as in Theorem 5.15. Note that (S′, e) corresponds
to cycdℓ ⊗ψ−1, where S′ is defined by S′(σ) = de − S(σ). One can easily check that (S′, e)
satisfies the conclusion of Theorem 5.15 for the character cycdℓ ⊗ψ−1. Thus, by replacing
ψ with cycdℓ ⊗ψ−1 if necessary, we may suppose that 0 ≤ a ≤ d.
Let Φ be the representation of F such that detF Φ = θ
S (see Proposition 3.6). By
construction, dimΦ = 12 · [F : Q] · a · e. The conclusion of this theorem then follows from
Theorem 5.15.
Theorem 5.17. In Theorem 5.16, if we assume in addition that A is semistable at primes
lying over ℓ, then we can take e = 1, provided that we weaken the conclusion to be that
ψw = ψwF,Φ on Gal(K/K ·KF,Φ) and
[F : Q] · (exponentK ·KF,Φ/K) ≤
(
2g
d
)
.
Proof. We use the same argument as in the proof of Theorem 5.16, without replacing (S, e)
by (e′ ·S, e′ ·e). Instead, we replace K with the unramified abelian extensionM of K defined
by the kernel of CθS : Cl(K)→ ClW (F ).
5.4 Some Corollaries of the Main Theorem
Corollary 5.18. Let K be a number field that does not contain any CM-fields (which is
in particular true when K has a real embedding), and g and d be positive integers. There
exists a finite set SK,g of prime numbers depending only on K and g, and a constant
0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a g-dimensional
abelian variety A with a mod-ℓ associated character ψ of degree d,
ψ2w = cycawℓ ,
where a is an integer with 0 ≤ a ≤ 2d, and w = lcm(cg ,N)2 for some positive N ≤
(
2g
d
)
.
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Proof. Since K ⊃ KF,Φ and KF,Φ contains a CM-field when F is a CM-field, F cannot be
a CM-field. Thus, F = Q, which gives the desired conclusion.
Corollary 5.19. Let K be a number field, and g and d be positive integers. Then, there
exists a finite set SK,g of prime numbers depending only on K and g, and a constant
0 < cg < 12
4g2 depending only on g such that, for a prime ℓ /∈ SK,g, and a g-dimensional
abelian variety A with a mod-ℓ associated character ψ of degree 1, one of the following
holds.
1. The character ψcg is trivial or equal to cyc
cg
ℓ .
2. There exists an abelian unramified extension M/K, a (full) CM abelian variety A′
defined over M , such that K contains the reflex field of the CM field of A′ (which in
particular implies that A′ has CM defined overM), and an ℓ-adic associated character
of degree 1 of A′, whose mod-ℓ reduction ψ′ satisfies
(ψ|Gal(K/M))cg = (ψ′)cg and (dimA′) · (exponentM/K) ≤ g.
Proof. Here, we use Theorem 5.17. The two cases correspond to F = Q and F a CM-field.
In the second case, we have m = 12 · [F : Q], so the result follows from Corollary 3.18.
The next two Corollaries list the possible degree 1 associated characters for g ∈ {2, 3}.
(Note that the easiest way of computing cg is to use Theorem 7.2 of Section 7 below.)
Corollary 5.20. Let K be a number field. Then there exists a finite set SK,2 of prime
numbers depending only on K such that, for a prime ℓ /∈ SK,2, and an abelian surface A
with a mod-ℓ associated character ψ of degree 1, one of the following holds.
1. There exists a full CM abelian surface A′ over K whose CM is defined over K, with
an ℓ-adic degree 1 associated character whose mod-ℓ reduction ψ′ satisfies
ψ120 = (ψ′)120.
2. There exists an abelian unramified extension L/K of exponent at most 2, a CM
elliptic curve E′ defined over L, such that K contains the CM field, and an ℓ-adic
degree 1 associated character of E′ whose mod-ℓ reduction ψ′ satisfies
ψ|120
Gal(K/L)
= (ψ′)120.
3. For some a ∈ {0, 60, 120}, we have
ψ120 = cycaℓ .
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Corollary 5.21. Let K be a number field. Then there exists a finite set SK,3 of prime
numbers depending only on K such that, for a prime ℓ /∈ SK,3, and an abelian threefold A
with a mod-ℓ associated character ψ of degree 1, one of the following holds.
1. There exists a full CM abelian surface or threefold A′ over K whose CM is defined over
K, with an ℓ-adic degree 1 associated character whose mod-ℓ reduction ψ′ satisfies
ψ2520 = (ψ′)2520.
2. There exists an abelian unramified extension L/K of exponent at most 3, a CM
elliptic curve E′ defined over L, such that K contains the CM field, and an ℓ-adic
degree 1 associated character of E′ whose mod-ℓ reduction ψ′ satisfies
ψ|2520
Gal(K/L)
= (ψ′)2520.
3. There exists a CM elliptic curve E′ over K, such that K contains the CM field, and
an ℓ-adic degree 1 associated character of E′ whose mod-ℓ reduction ψ′ satisfies
ψ2520 = (ψ′ ⊗ cycℓ)840.
4. For some a ∈ {0, 1260, 2520}, we have
ψ2520 = cycaℓ .
6 The Special Case of Elliptic Curves
In this section, we assume in addition that g = 1, i.e. that A = E is an elliptic curve. In
this case, we can prove a slightly stronger theorem.
6.1 Theorem 5.16 in the Case g = 1
Lemma 6.1. Let K be a number field. Then, there exists a finite set SK of prime numbers
depending only on K such that, for a prime ℓ /∈ SK , and an elliptic curve E over K for
which E[ℓ]⊗Fℓ is reducible with degree 1 associated character ψ, one of the following holds.
1. We have ψ12 ∈ {1, cyc6ℓ , cyc12ℓ }.
2. There exists a CM elliptic curve E′, which is defined over K and whose CM-field is
contained in K, with an ℓ-adic degree 1 associated character whose mod-ℓ reduction
ψ′ satisfies:
ψ12 = (ψ′)12
Proof. If F = Q in Theorem 5.16, Case 1 holds. Otherwise, F is imaginary quadratic, and
we can take E′ = C/OF , since ψF,Φ = ψ′ and KF,Φ is the Hilbert class field of F .
33
6.2 Effective Chebotarev Theorem
Under GRH, we have the following effective version of the Chebotarev Density Theorem,
due to Lagarias and Odlyzko, with improvements due to Bach.
Theorem (Effective Chebotarev). Let E/K be a Galois extension of number fields with
E 6= Q. Then under GRH, there exists an effectively computable absolute constant c5 such
that every conjugacy class of Gal(E/K) is represented by a Frobenius element of a prime
ideal v ∈ ΣK which is unramified in E, such that
NmK/Q(v) ≤ c5(log∆E)2.
Moreover, we can take v to be a prime of degree 1 and unramified in K/Q.
Proof. See [7], remark at end of paper regarding the improvement to Corollary 1.2. That
we can take p to be of degree 1 and unramified in K/Q follows from Theorem 3.1 in [1].
Remark 6.2. Unconditionally, a similar theorem is true, with the bound of c5(log∆E)
2
replaced by exp(c6∆E), for an effectively computable absolute constant c6.
In fact, we will need a very slight strengthening of the above Theorem, to avoid possible
issues at the prime 3.
Corollary 6.3. Let E/K be a Galois extension of number fields with E 6= Q, and let N be a
positive (rational) integer. Then under GRH, there exists an effectively computable absolute
constant c7 such that every conjugacy class of Gal(E/K) is represented by a Frobenius
element of a prime ideal v ∈ ΣK which is unramified in E, such that
NmK/Q(v) ≤ c7 · (log∆E + nE logN)2.
Moreover, we can take v to be of degree 1, unramified in K/Q, and not divide N .
Proof. This is proven in [18] for K = Q. Thanks to Bach’s improvement to the effective
Chebotarev theorem (that we can take v to be unramified in K/Q), the same argument
works for arbitrary number fields. For completeness, we recall the proof below.
Clearly, we can assume that N is squarefree. Define E′ = E[
√
N ]. Then every prime
of E′ lying over a prime divisor of N is ramified in E′/Q.
Now, we apply effective Chebotarev to Gal(E′/K), to conclude that every conjugacy
class of Gal(E′/K) is represented by a Frobenius element of a prime ideal v ∈ ΣK of
degree 1 which is unramified in E′ and in K/Q, and thus is coprime to N , such that
NmKQ (v) ≤ c5(log∆E′)2. Since E′/E is ramified only at primes dividing 2N , we can bound
∆E′ using Proposition 5 of section 1.3 of [18], and thereby conclude we can take v so that
NmKQ (v) ≤ c5(log∆E′)2
≤ c5 · (2 log∆E + nE log 2N + nE log 2)2
≤ c7 · (log∆E + nE logN)2
for some effectively computable absolute constant c7.
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6.3 Proof of Theorem 6.4
Theorem 6.4. Let K be a number field. Then, there exists a finite set SK of prime
numbers depending only on K such that, for a prime ℓ /∈ SK , and an elliptic curve E over
K for which E[ℓ]⊗Fℓ is reducible with degree 1 associated character ψ, one of the following
holds.
1. There exists a CM elliptic curve E′, which is defined over K and whose CM-field is
contained in K, with an ℓ-adic degree 1 associated character whose mod-ℓ reduction
ψ′ satisfies:
ψ12 = (ψ′)12
2. The Generalized Riemann Hypothesis fails for K[
√−ℓ], and
ψ12 = cyc6ℓ ,
where cycℓ is the cyclotomic character. (Moreover, in this case we must have ℓ ≡ 3
mod 4 and the representation ρE,ℓ is already reducible over Fℓ.)
Proof. Since ρE,ℓ is reducible and 2-dimensional, its semisimplification is the direct sum of
two associated characters ψ1 and ψ2. If ψ
12
1 /∈ {1, cyc6ℓ , cyc12ℓ }, then by Lemma 6.1, Case 1
holds. Hence, it remains to show that Case 2 holds when ψ121 ∈ {1, cyc6ℓ , cyc12ℓ }.
Case 1: ψ12
1
∈ {1, cyc12ℓ }. If ψ
12
1 = cyc
12
ℓ , then the Weil pairing gives
ψ122 = (cycℓ⊗ψ−11 )12 = cyc12ℓ ⊗(ψ121 )−1 = 1.
Thus, by interchanging indices if necessary, we can assume without loss of generality that
ψ121 is trivial.
Then, ψ1 defines a degree (at most) 12 extension M of K. By construction, the Galois
group Gal(Kab/M) is killed by ψ1, so when we consider E as a curve over M , the character
ψ1 is trivial. Thus, we have a Galois-invariant subspace V ⊂ E[ℓ] such that either V is
pointwise fixed by GM = Gal(K/M), or the quotient E[ℓ]/V is pointwise fixed by GM .
In the first case, E has an ℓ-torsion point defined over M , and in the second case, the
isogenous curve E/V has an ℓ-torsion point defined over M . Writing nM ≤ 12nK for the
degree of M , Merel’s Theorem [10] implies that
ℓ ≤
(√
3nM + 1
)2
≤ (36nK + 1)2 .
Thus, so long as we choose SK to contain all primes at most
(
36nK + 1
)2
, we are done.
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Case 3: ψ12
1
= cyc6ℓ . The Weil pairing implies
ψ122 = (cycℓ⊗ψ−11 )12 = cyc12ℓ ⊗(ψ121 )−1 = cyc12ℓ ⊗(cyc6ℓ )−1 = cyc6ℓ .
In other words,
ρ˜12E,ℓ = cyc
6
ℓ ⊕ cyc6ℓ .
If ρE,ℓ is irreducible over Fℓ, then ρ˜E,ℓ = ρE,ℓ, so the projective image of ρE,ℓ in
PGL2(Fℓ) has order at most 6. But by Lemma 18
′ of [18] (which is stated for K = Q, but
the same proof works as long as ℓ is unramified in K), the projective image has an element
of order at least (ℓ− 1)/4. Hence, as long as we choose SK to contain all primes less than
25, it follows that ρE,ℓ is already reducible over Fℓ.
In particular, cyc6ℓ is the 12th power of some character valued in F
×
ℓ . Since we are
assuming ℓ is unramified in K, the cyclotomic character surjects onto F×ℓ . Thus, every
12th power in F×ℓ is a 6th power, so ℓ ≡ 3 mod 4.
Now, suppose GRH holds for K[
√−ℓ]. Then, by Corollary 6.3, we could find a prime
ideal v of K such that v is split in K[
√−ℓ], of degree 1, does not lie over 3, and satisfies
the inequality
NmKQ (v) ≤ c7 · (log∆K[√±ℓ] + nK[√±ℓ] log 3)2
= 4c7 · (2 log ∆K + 2nK log 3 + nK log ℓ)2.
We claim that ψ1(πv) + ψ2(πv) = 0, for any ℓ more than some constant depending on
K alone. Indeed we have
ψ1(πv) + ψ2(πv) ≡
√
NmKQ (v) · (ζ + ζ) mod l
for some 12th root of unity ζ. Since v does not lie over 3, the right-hand side cannot be
a nonzero rational number. Thus, if ψ1(πv) + ψ2(πv) 6= 0, we have a nontrivial divisibility
condition on ℓ:
ℓ
∣∣∣∣∣NmQ
[√
NmKQ (v)·(ζ+ζ)
]
Q
(√
NmKQ (v) · (ζ + ζ)− (ψ1(πv) + ψ2(πv))
)
.
But under any complex embedding, we have∣∣∣∣√NmKQ (v) · (ζ + ζ)− (ψ1(πv) + ψ2(πv))∣∣∣∣ ≤ (1 +√NmKQ (v))2 .
Since Q
[√
NmKQ (v) · (ζ + ζ)
]
is a quadratic field, we have
ℓ ≤
(
1 +
√
NmKQ (v)
)4
≤ (1 + 2√c7 · (2 log ∆K + 2nK log 3 + nK log ℓ))4.
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But this is clearly impossible for all ℓ larger than a constant depending on K alone.
Thus, we have ψ1(πv) + ψ2(πv) = 0. Hence,
(ψ1(πv)− ψ2(πv))2 = (ψ1(πv) + ψ2(πv))2 − 4ψ1(πv)ψ2(πv) = −4NmKQ v,
which is a quadratic nonresidue mod ℓ, contradicting the reducibility of ρE,ℓ.
Corollary 6.5. Under GRH, the degrees of prime degree isogenies of elliptic curves over
K are bounded uniformly if and only if K does not contain the Hilbert class field of an
imaginary quadratic field F (i.e. if and only if there are no elliptic curves with CM defined
over K).
Proof. If K does not contain the Hilbert class field of an imaginary quadratic field F , then
there are no CM elliptic curves which are defined over K and whose CM-field is contained
in K. Thus, for ℓ /∈ SK , we have that ρE,ℓ is absolutely irreducible for any elliptic curve E
defined over K. In particular, E cannot admit an isogeny of degree ℓ.
Conversely, if K contains the Hilbert class field of an imaginary quadratic field F , then
there is a CM elliptic curve defined over K, whose CM-field is contained in K. But such
a curve has an isogeny of degree ℓ for all primes ℓ split in F .
7 Effective Results
In this section, we prove Theorem 7.9, which makes Theorems 5.16 and 6.4 (as well as
Corollary 6.5) effective. The method of proof does not depend essentially on GRH; we
only use GRH in Subsection 7.4 when putting everything together to get the final bound.
7.1 The Quantity cg
Lemma 7.1. Suppose n is a positive integer and [Q[ζn] : Q] ≤ 2g. Then n | cg.
Proof. It suffices to prove this Lemma in the case where n = qk is a prime power. For
every prime p 6= q, we have a natural symplectic form on OQ[ζn]/(p) defined by
(α, β) 7→ TrQ[ζn]Q
(
αβ − βα) .
Multiplication by ζn thus defines an element of Sp[Q[ζn]:Q](Fp) of order n for all odd primes
p 6= q. Since we have an injection Sp[Q[ζn]:Q](Fp) →֒ Sp2g(Fp), it follows that n | cg by the
definition of cg.
Theorem 7.2. We have an explicit formula
cg =
∏
prime powers pn
(p−1)pn−1≤2g<(p−1)pn
pn.
37
In particular, c1 = 12. In general, cg can be bounded by an exponential in g,
cg ≤ c1 · (7.4)g ≤ c1 · 8g
for an effectively computable absolute constant c1.
Proof. From the prime number theorem, we have∏
prime powers pn
(p−1)pn−1≤2g<(p−1)pn
pn = e2g(1+o(1)) ≤ c1 · 7.4g ≤ c1 · 8g
for some effectively computable absolute constant c1. Thus, it suffices to verify the formula
for cg. From Lemma 7.1, it is clear that cg is divisible by the above product. To see the
reverse implication, we need to show that every prime power pn dividing cg divides the
above product.
Case 1: p is odd. By Dirichlet’s Theorem, we can find an odd prime q 6= p whose
class modulo pn generates the cyclic group (Z/pnZ)×. Now, suppose there is an element
X ∈ Sp2g(Fq) of order pn. By applying the Frobenius automorphism of Fq toX, we see that
ifX has an eigenvalue ω, then it must also have an eigenvalue ωq. Therefore, every primitive
(pn)th root of unity is an eigenvalue of X. It follows that (p− 1)pn−1 = |(Z/pnZ)×| ≤ 2g,
which completes the proof.
Case 2: p = 2. By Dirichlet’s Theorem, we can find an odd prime q ≡ 3 mod 2n.
Now, suppose there is an element X ∈ Sp2g(Fq) of order 2n. By applying the Frobenius
automorphism of Fq to X, we see that if X has an eigenvalue ω, then it must also have an
eigenvalue ωq. Since X ∈ Sp2g(Fq), we see that if X has an eigenvalue ω, it must also have
an eigenvalue ω−1.
But it is a standard fact from elementary number theory that q ≡ 3 and −1 generate
the multiplicative group (Z/2nZ)×. Since X has order 2n, it has some eigenvalue which
is a primitive (2n)th root of unity; therefore, every primitive (2n)th root of unity is an
eigenvalue of X. It follows that 2n−1 = |(Z/2nZ)×| ≤ 2g, which completes the proof.
7.2 Balanced Characters
In this subsection, we make Lemma 5.6 effective; we also note that balanced characters
have a useful condition on their archimedean valuations, which will be helpful for making
other arguments effective.
Lemma 7.3. When θS is balanced with S(σ) + S(τ) = a′, then for any archimedean
absolute value | | on K, we have
|θS(x)| =
√
NmKQ (x)
a′
.
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Proof. Clear from Definition 2.14.
There is only a finite set of ℓ that can possibly be associated to a unbalanced character
for some abelian variety. In what follows we will quantify this possible unbalanced set.
For every unbalanced character θS, there exists some unit uS for which θ
S(uS) is not a
root of unity. Now, observe that we have a natural action of Gal(Q/Q) on the elements
S of Z[ΓK ]. If S and S
′ are related under this action, then θS(u) is Galois-conjugate to
θS
′
(u); in particular, θS(u) is a root of unity if and only if θS
′
(u) is a root of unity. This
implies that we can choose the uS so they depend only on the orbit of S under the action
of Gal(Q/Q). If we do this, then
Bchar(K, g) :=
∏
θS unbalanced
(
1− θS(uS)cg/e
)
is a rational integer. Moreover, by Definition 5.3, any prime ℓ for which a corresponding
character θS is unbalanced must divide Bchar(K, g).
Lemma 7.4. There exists an effectively computable absolute constant c8 such that we can
choose the uS so that the following inequality holds:
Bchar(K, g) ≤ c8 · exp
(
2 · RK · (rK + 2)! · (2g · cg + 1)nK+1 · (log nK)3
| log log nK |3
)
.
Remark 7.5. The constant Bchar(K, g) can be effectively directly computed for any field
K, and in many interesting cases (such as quadratic imaginary fields) is small.
Proof. Define the multiplicative Minkowski embedding µ and functions fS as in the proof
of Lemma 2.15. Suppose that θS is a unbalanced character.
Write ΛS ⊂ Λ for the kernel of fS. Since θS is unbalanced, it follows that ΛS ( Λ.
Observe that by definition, fS does not vanish on any element of the quotient lattice Λ/ΛS .
Therefore, to choose uS so that f
S(uS) is small, it suffices to find a short lattice vector of
the quotient lattice Λ/ΛS , which we can do via Minkowski’s Theorem if we first bound
vol(Λ/ΛS) =
vol(Λ)
vol(ΛS)
=
RK
√
rK + 1
vol(ΛS)
.
(Here, we think about Λ/ΛS sitting inside the real vector space R
rK+1
0 /〈ΛS〉. We give
RrK+10 /〈ΛS〉 an inner product by identifying it with the orthogonal complement of ΛS and
taking the induced inner product from RrK+10 .) To do this, we use the following theorem
of Voutier:
Theorem (Voutier [20]). For any u ∈ O×K which is not a root of unity, we have the
inequality
log
(
nK∏
i=1
max(1, |σi(u)|)
)
≥ α where α = 1
4
(
log log nK
log nK
)3
.
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It follows that the length of any unit in Λ under the L1 norm (i.e. the sum of the
absolute values of the coordinates) satisfies
||µ(u)||L1 =
r1∑
i=1
∣∣ log |σi(u)|∣∣+ r1+r2∑
i=r1+1
2
∣∣ log |σi(u)|∣∣ = 2 · log
(
nK∏
i=1
max(1, |σi(u)|)
)
≥ 2α.
(For the second equality above, we have used
∑nK
i=1 log |σi(u)| = 0.) Now, extend the lattice
ΛS to a lattice Λ
′
S of dimension rK + 1 by adding more basis vectors which are mutually
orthogonal, orthogonal to ΛS , and whose length (under the Euclidean metric) equals 2α.
From the above Theorem, the (open) unit L1-ball of radius 2α intersects the lattice Λ′S
only at the origin. Therefore, by Minkowski’s Theorem,
vol(Λ′S) ≥
1
2rK+1
·
(
2rK+1
(rK + 1)!
· (2α)rK+1
)
=
(2α)rK+1
(rK + 1)!
.
Now, write c for the codimension of ΛS in Λ. Then, we have
vol(ΛS) =
1
(2α)c+1
· vol(Λ′S) ≥
1
(2α)c+1
· (2α)
rK+1
(rK + 1)!
=
(2α)rK−c
(rK + 1)!
which gives
vol(Λ/ΛS) =
vol(Λ)
vol(ΛS)
≤ RK ·
√
rK + 1 · (rK + 1)!
(2α)rK−c
.
Applying Minkowski’s Theorem again, we can find some vector of Λ/ΛS whose length
under the Euclidean metric (we use the Euclidean metric because the L1 metric on RrK+1
does not induce the L1 metric on RrK+10 /〈ΛS〉) is bounded by (here, we use that the volume
of the unit Euclidean c-ball is greater than that of the unit L1-ball, 2c/c!)
(vol(Λ/ΛS) · c!)
1
c ≤
(
RK ·
√
rK + 1 · (rK + 1)!
(2α)c
· c!
) 1
c
=
1
2α
· (RK · √rK + 1 · (rK + 1)! · c!) 1c
The above function is a decreasing function of c, since RK ≥ 1/5 by [5]. Thus,
≤ RK ·
√
rK + 1 · (rK + 1)!
2α
.
Thus, we can find some vector of Λ/ΛS whose length under the metric induced from the
L1 metric on RrK+1 is bounded by
√
rK + 1 · RK ·
√
rK + 1 · (rK + 1)!
2α
≤ RK · (rK + 2)!
2α
.
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Now, observe that |fS(u)| ≤ 2g · cg · ||µ(u)||L1 for any S. Therefore, for any unbalanced
character θS, we can select uS such that θ
S(uS) is not a root of unity, and∣∣ log |θS′(uS)cg/e|∣∣ ≤M where M := 2g · cg · RK · (rK + 2)!
2α
where S′ is any subset of ΓK . This gives
Bchar(K, g) =
∏
S⊂ΓK
θS is unbalanced
(
1− θS(uS)cg/e
)
≤
∏
S⊂ΓK
θS is unbalanced
(
1 + |θS(uS)cg/e|
)
≤ (1 + exp(M))(2g·cg+1)nK .
Since exp(M) ≥ c9 · (2g · cg + 1)nK for some effectively computable absolute constant c9,
we have for some effectively computable absolute constant c8,
Bchar(K, g) ≤ c8 · exp(M · (2g · cg + 1)nK )
= c8 · exp
(
2 · RK · (rK + 2)! · (2g · cg + 1)nK+1 · (log nK)3
(log log nK)3
)
.
For the remainder of this paper, we suppose that ℓ ∤ Bchar(K, g); in particular, this
implies that θS is a balanced character.
7.3 Bounds for Theorem 5.15
We begin this section by bounding the number of possible values of ψC(v).
Lemma 7.6. Let v ⊂ OK be a prime ideal, with NmKQ v ≤ V . Then, as A ranges over all
abelian varieties of dimension g, d ranges over all integers between 0 and 2g, and ℓ ranges
over all rational primes coprime to x, there are at most
Bposs(K, g, V ) = c10 · (256 · V )
g(g+1)
4
possible values of ψC(v), for some effectively computable absolute constant c10. Moreover,
the magnitude of ψC(v) under any complex embedding is bounded by V
g.
Proof. First, we count the number of possible polynomials Pπ satisfying Lemma 4.1, as-
suming that all of its roots have magnitude equal to the square root of the norm of v, under
any complex embedding. The first g + 1 coefficients of Pπ determine the rest, since the
roots of Pπ come in pairs which multiply to the norm of v. Thus, to find the total number
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of possible such polynomials, we can multiply together the number of possible values for
the coefficient of z2g−i in Pπ for 0 ≤ i ≤ g. This gives∏
0≤i≤g
(
2 ·
(
2g
i
)
·
(√
NmKQ (x)
)i)
= 2g+1 · (NmKQ (x)) g(g+1)4 · ∏
0≤i≤3
(
2g
i
)
·
∏
4≤i≤g
(
2g
i
)
≤ 2g+1 · (NmKQ (x)) g(g+1)4 · ∏
0≤i≤3
(
2g
i
)
· (22g)g−3
≤ c11
64g
· (256 ·NmKQ (x)) g(g+1)4
for some effectively computable absolute constant c11.
Now, any value of ψC(v) can be written as a product of distinct roots of such a poly-
nomial, times a cgth root of unity, times a power of Nm
K
Q v which is at most g. Therefore,
the number of possible values of ψC(v) is at most the product of the number of possible
polynomials calculated above and 22g · cg · (g +1) ≤ c1 · 64g. This implies the statement of
this lemma.
Let us fix a direct sum decomposition
Cl(K) ≃ Z/h′KZ⊕H(K),
for a subgroup H(K) ⊂ Cl(K), and fix a generator α of Z/h′KZ. From elementary group
theory, the image of any homomorphism from Cl(K) to a cyclic group is generated by the
image of some element in α+H(K).
Choose prime ideals {v1, v2, . . . , vhK/h′K} which are of degree 1, coprime to cg · hK , and
represent each element of α+H(K). Also, write (vi)
h′K = (xi).
In order to make Theorem 5.15 effective, we note that if ψ is an associated character
which does not satisfy the conclusion of Theorem 5.15, then our proof shows that either
θS is unbalanced, or there is some i so that Lemma 5.8 fails for vi. Thus the quantity
Brat(K, g), which we define to be the product of
∏
balanced characters θS

hK/h
′
K∏
i=1
∏
possible values of ψ(πvi )
ψ(πvi )
cg ·h
′
K 6=θS(xi)cg/e
(
ψ(πvi)
cg·h′K − θS(xi)cg/e
)

with all primes which lie under one of the vi or divide ∆K , is a rational integer with the
property that we can take SK,g to consist of all primes dividing Brat(K, g) ·Bchar(K, g).
Lemma 7.7. We have
Brat(K, g) ≤
(
2 · V 2g·cg·h′K
)√(2g·cg+1)nK ·(hK/h′K)·Bposs(K,g,V ) · V hK/h′K ·∆K ,
where V is the maximum norm of the vi.
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Proof. Under any complex embedding, Lemma 7.3 implies that∣∣∣ψ(πvi)cg·h′K − θS(xi)cg/e∣∣∣ ≤ ∣∣∣ψ(πvi)cg·h′K ∣∣∣+ ∣∣∣θS(xi)cg/e∣∣∣
≤ 2 · |NmKQ vi|2g·cg·h
′
K
≤ 2 · V 2g·cg·h′K
which completes the proof, using Lemma 7.6, together with the fact that there at most√
(2g · cg + 1)nK balanced characters. (The factor of V hK/h′K is there to account for the
primes which lie under one of the vi.)
7.4 Proof of Theorem 7.9
In this subsection, we prove Theorem 7.9. While Theorem 5.16 is true unconditionally,
assuming GRH allows us to get a significantly better bound.
Remark 7.8. Using an unconditional version of the Chebotarev Density Theorem (see
Remark 6.2), one could make Theorem 7.9 unconditional using the same method. In the
case of g = 1, there is also an unconditional bound due to David; see Theorem 2 of [2]. (The
logarithm of David’s bound is roughly the nKth power of the logarithm of the conditional
bound given here.)
Theorem 7.9. Under GRH, there are effectively computable absolute constants c2, c3, and
c4 such that we can take in Theorems 6.4 and 5.16∏
ℓ∈SK
ℓ ≤ exp
(
cnK2 ·
(
RK · nrKK + h2K · (log∆K)2
) )
∏
ℓ∈SK,g
ℓ ≤ exp
(
cnK3 ·
(
8g(nK+1) ·RK · nrKK + 3g·nK ·
(
c4 · g · hK · nK · log ∆K
) g(g+1)
2
+1
))
.
Remark 7.10. In fact, we have proven (independently of GRH) that∏
ℓ∈SK,g
ℓ ≤ Bchar(K, g) · Brat(K, g).
Proof. Under GRH, Corollary 6.3 (applied to N = cg · hK), and log hK ≤ 32 log ∆K (which
follows from [8], Theorem 6.5), implies that we can choose the vi so that
V = maxNmKQ (vi) ≤ c7 ·
(
log ∆HK + nHK log(cg · hK)
)2 ≤ c12 · g2 · h2K · n2K · (log∆K)2
for some effectively computable absolute constant c12.
We use the notation f . g to mean that f ≤ C ·g for an effectively computable absolute
constant C.
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By Remark 7.10 above, it suffices to show both of logBchar(K, g) and logBrat(K, g) are
bounded by a constant times the logarithm of the right-hand side of the first inequality
appearing in the statement of the theorem. First, we bound Bchar(K, g), as follows.
logBchar(K, g) .
RK · (rK + 2)! · (2g · cg + 1)nK+1 · (log nK)3
| log log nK |3 . 8
g(nK+1) · RK · (c3nK)rK
for some effectively computable absolute constant c3. Next, we bound Brat(K, g), using
log hK ≤ 32 log∆K :
logBrat(K, g) . g · cg · h′K ·
√
(2g · cg + 1)nK · (log g + log hK + log nK + log log∆K)
· (hK/h′K) ·
(
256 · c12 · g2 · h2K · n2K · (log∆K)2
) g(g+1)
4
. (c13 · 3g)nK ·
(
c4 · g · hK · nK · log∆K
) g(g+1)
2
+1
for effectively computable absolute constants c4 and c13.
Now, from the proof of Theorem 6.4, it suffices to show that the logarithm of the
product of all primes ℓ for which
ℓ ≤ (312nK + 1)2 or ℓ ≤ (1 + 2√c7 · (2 log∆K + 2nK log 3 + nK log ℓ))8
is bounded by an absolute constant times the logarithm of the right-hand side of the
second inequality appearing in the statement of the theorem. For the product of all primes
satisfying the first of the above two inequalities, this is clear from the prime number
theorem.
For the second factor, note that the Brauer-Siegel theorem (which is effective under
GRH) implies that
cnK2 ·
(
RK · nrKK + h2K · (log∆K)4
)
& h2K + n
nK/2
K ·RK & nnK/3K · (hKRK)2/3 & ∆1/4K .
Thus, it suffices to show that for ℓ ≥ 4√∆K and more than an effectively computable
absolute constant, we have
ℓ ≥ (1 + 2√c7 · (2 log ∆K + 2nK log 3 + nK log ℓ))4.
But this is clear, since Minkowski’s bound together with the assumption that ℓ ≥ 4√∆K
imply that the right-hand side of the above inequality is at most an effectively computable
absolute constant times (log ℓ)8. This completes the proof.
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A A Determinantal Comparison (by Brian Conrad)
A.1 Motivation
For a linear representation ρ of a group Γ on a finitely generated module V =
∏
Vi over a
finite product
∏
Fi of fields Fi, we get a determinant det ρ : Γ→
∏
F×i via the Γ-action on∏
det(Vi). (This is the usual (
∏
Fi)-linear determinant when V is free as a (
∏
Fi)-module.)
The case of interest to us will be Γ = GK := Gal(Ks/K) for a finite extension K of Qp
and the action of GK on V = Vp(A) for an abelian variety A of dimension g > 0 over K.
Consider a commutative subfield F ⊆ End0K(A) (which could even be Q, though that
case will not be interesting), so for Fp := Qp ⊗Q F , there is a natural continuous Fp-linear
representation ρA,p of GK on Vp(A). This yields a continuous determinant homomorphism
GabK → F×p . Composing with the Artin map rK : K× → GabK , we get a composite map
ψA : K
× rK−−−−→ GabK
detFp ρA,p−−−−−−→ F×p .
A natural question, inspired by the use of the reflex norm in the Main Theorem of
complex multiplication, is to ask whether the restriction of ψA to an open subgroup of O×K
can be described in terms of the F -action on Lie(A). To be precise, Lie(A) is naturally a
module over K ⊗Q F = K ⊗Qp Fp, so K acts Fp-linearly on Lie(A) and hence we can take
the Fp-linear determinant of (the inverse of) the K
×-action on Lie(A):
χA(a) = det
Fp
(
(x 7→ a · x) : Lie(A)→ Lie(A)).
It is natural to ask if the homomorphisms ψA, χA : K
× ⇒ F×p are equal on an open
subgroup of O×K when F is a totally real or CM field. The answer is affirmative without
archimedean restrictions on F , and by using p-adic Hodge theory in the form due to
Fontaine (see [3], [4]), which goes beyond what was used by Serre and Tate (who worked
in the area before the discovery of Bcrys) we can say a bit more:
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Theorem A.1. The two maps K× ⇒ F×p coincide on an open subgroup of O×K . If A has
semistable reduction then these maps agree on O×K .
Example 1. If A is a CM abelian variety with good reduction and F is a CM field with
[F : Q] = 2g then this theorem recovers the inertial description of the reflex norm in the
theory of complex multiplication when there is good reduction.
We will use Grothendieck’s orthogonality theorem in the semistable case to reduce
Theorem A.1 to a more general assertion about p-divisible groups over the valuation ring
of a finite extension of K. The main point is to then recast this general assertion in
terms of p-adic Hodge theory, since that admits a robust tensorial structure whereas p-
divisible groups do not. In what follows, we will use the covariant Fontaine functors (i.e.,
(B ⊗Qp V )GK rather than HomQp[GK ](V,B)).
A.2 Reformulation via p-divisible groups
To prove Theorem A.1, it is harmless to replace K with a finite extension so that A has
semistable reduction. So we now assume this to be the case. Let A denote the semi-abelian
relative identity component of the Ne´ron model N(A) over OK (i.e., the open complement
in N(A) of the union of the non-identity components of the special fiber N(A)k). The
special fiber Ak is an extension of an abelian variety B by a torus T . We will use a
filtration on Vp(A) arising from the filtration on Ak to reduce our problem to an intrinsic
question about p-divisible groups over OK .
Now we recall Grothendieck’s results on the structure of p-adic Tate modules of abelian
varieties with semistable reduction over p-adic fields. (This is developed in [SGA 7, Exp.
IX]; see [2, §4–§5] for an exposition, especially [2, Thm. 5.5].) Let a = dimB and t = dimT .
The “finite parts” of the A[pn] (according to the decomposition of the quasi-finite flat
separated OK -groups A[pn] via Zariski’s Main Theorem) define a p-divisible group Γ over
OK of height 2a + t lifting Ak[p∞]. This has generic fiber contained in A[p∞], and it is
final among p-divisible groups over OK whose generic fiber is equipped with a map to
A[p∞]. By Grothendieck’s orthogonality theorem, the quotient Vp(A)/Vp(Γ) is the Galois
representation associated to the Cartier dual of the unique p-divisible group Γ′t over OK
lifting the p-divisible group T ′[p∞] of the maximal torus T ′ in the special fiber of the
Ne´ron model of the dual abelian variety A′. Since Γ′t has e´tale Cartier dual (as this holds
for its special fiber T ′[p∞]), it follows that Vp(A)/Vp(Γ) is unramified. Hence, the inertial
restriction of ψA is unaffected by replacing Vp(A) with Vp(Γ).
The Lie algebra of A is the generic fiber of Lie(A), and Lie(A) is naturally identified with
the Lie algebra of the formal OK group Â = Spf(O∧A,0) of A (completion along the identity
section over OK). But Â is the formal group over OK corresponding to the connected
part of the p-divisible group Γ under the Serre–Tate equivalence between connected p-
divisible groups and commutative formal Lie groups on which [p] is an isogeny (over any
complete local noetherian ring with residue characteristic p). Hence, Lie(A) = Lie(Γ)[1/p]
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functorially in the isogeny category over K. (Note that Lie(Γ)[1/p] is functorial with
respect to K-homomorphisms in Γ, due to Tate’s isogeny theorem for p-divisible groups
over OK .) The Fp-action on Vp(Γ) arises from an Fp-action on Γ in the isogeny category
over OK .
We conclude that our entire problem is intrinsic to the p-divisible group Γ over OK , in
the sense that it involves relating the inertial action on detFp(Vp(Γ)) to the Fp-determinant
of theK×-action on Lie(Γ)[1/p]. In this way, our problem makes sense more generally for an
arbitrary p-divisible group over OK equipped with an action by Fp in the isogeny category
over OK . Decomposing Γ (up to isogeny over OK) according to the idempotents of Fp,
and renaming each factor field of Fp as F , thereby reduces Theorem A.1 to:
Theorem A.2. Let K be a finite extension of Qp, Γ a p-divisible group over OK , and F
a finite extension of Qp equipped with an action on Γ in the isogeny category over OK .
Let χ : K× → F× be defined by the reciprocal of the F -linear determinant of the K×-
action on Lie(Γ)[1/p], and let the composite map
ψ : K× rK−−−−→ GabK −−−−→ F×
be defined by the F -linear determinant of the GK-action on Vp(Γ). Then ψ|O×K = χ|O×K .
A.3 Proof of Theorem A.2
In view of how χ is constructed from a (K ⊗Qp F )-module, it arises from a homomorphism
of Qp-tori Res
K
Qp Gm,K → ResFQp Gm,F . Thus, by [1, Prop.B.4(i)], χ|O×K is the IK -restriction
of a crystalline representation GabK → F×. Hence, if ψ and χ agree on an open subgroup of
O×K then their ratio on O×K is the IK-restriction of a crystalline representation that is finite
on IK . But a crystalline p-adic representation of GK with finite image on IK is unramified,
so it would follow that χ and ψ coincide on O×K . In particular, if χe and ψe coincide on
O×K for some e > 0 (so χ and ψ agree on the open subgroup (O×K)e) then we will be done.
It is harmless to replace Γ with an OK -isogenous p-divisible group, so we may and do
assume that OF acts on Γ (not just in the isogeny category). If F ′/F is a finite extension
then it is harmless to replace Γ with its power OF ′ ⊗OF Γ (defined in the evident manner),
since at the determinant level we would be replacing χ and ψ with their [F ′ : F ]th powers,
which we have seen is harmless. Thus, we may and do arrange that F splits K/Qp.
Let Γ∨ denote the dual of Γ, and consider the CK-linear GK -equivariant canonical
Hodge–Tate decomposition CK ⊗Qp Vp(Γ) ≃ (CK(1) ⊗K tΓ) ⊕ (CK ⊗K HomK(tΓ∨ ,K)),
where tΓ := Lie(Γ)[1/p] (and similarly for tΓ∨). For later purposes, it will be convenient to
apply the follow elementary lemma to rewrite the second summand.
Lemma A.3. Let K and F be finite separable extensions of a field k. For any finitely
generated (K ⊗k F )-module W , the (K ⊗k F )-modules HomK(W,K) and HomF (W,F ) are
naturally isomorphic, where F acts K-linearly on HomK(W,K) through functoriality ap-
plied to its K-linear action on W and similarly for the F -linear K-action on HomF (W,F ).
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Proof. It suffices to prove that the natural (K ⊗k F )-linear map
HomK(W,K)→ Homk(W,k) defined via ℓ 7→ TrKk ◦ℓ
is an isomorphism, as then we can argue similarly with the roles of K and F swapped.
This only involves the underlying K-vector space of W (ignoring the F -action), so we can
reduce to the trivial case W = K.
We now rewrite the Hodge–Tate decomposition in the form
CK ⊗Qp Vp(Γ) ≃ (CK(1) ⊗K tΓ)⊕ (CK ⊗K HomF (tΓ∨ , F )), (6)
where HomF (tΓ∨ , F ) is a K-vector space through functorality applied to the F -linear K-
action on tΓ∨ . Since F splits K/Qp, any (K ⊗Qp F )-module W (such as tΓ and tΓ∨)
decomposes into F -subspaces
W = ⊕σWσ
according to a Qp-embedding σ : K → F through which K acts. That is, for w ∈ Wσ
we have (c ⊗ 1)w = σ(c)w for c ∈ K. We can therefore compute the (CK ⊗Qp F )-linear
determinant on both sides of (6) by first collapsing the K-action into the F -structure by
decomposing modules into isotypic subspaces according to Qp-embeddings σ : K → F , then
decomposing those subspaces into isotypic CK-subspaces according to the Qp-embedding
F → CK through which F acts, and then finally forming the CK-determinant of each such
subspace of the latter sort. Thus, the (CK ⊗Qp F )-determinant of the left side of (6) is
CK ⊗Qp ψ = CK ⊗K (K ⊗Qp ψ) and the (CK ⊗Qp F )-determinant of the right side of (6) is⊕
σ : K→F
CK ⊗K,σ
(
det
F
(tΓ,σ(1)) ⊗F det
F
(HomF (tΓ∨ , F )σ)
)
(7)
as σ varies through the Qp-embeddings of K into F .
Let θχ : G
ab
K → O×F correspond to a map extending χ|O×K via rK , so it suffices to prove
that ψ and θχ coincide on an open subgroup of O×K . It is equivalent to say that the ratio
of these O×F -valued Hodge–Tate characters has finite image on inertia, or in other words
that their CK-scalar extensions (over Qp) are (CK ⊗Qp F )-linearly and GK -equivariantly
isomorphic. In other words, it suffices to prove that CK ⊗Qp θχ is (CK ⊗Qp F )-linearly
and GK -equivariantly isomorphic to (7). It is harmless to replace GK -equivariance with
H-equivariance for an open subgroup H, such as the Galois group of K over the Galois
closure F ′ of F/Qp.
Our remaining task is to compute the Hodge–Tate weights of the CK-semilinear GF ′-
representation CK ⊗j,F θχ for each Qp-embedding j : F → CK . For any such j the image
j(F ) contains K and so induces a Qp-embedding of K into F . Since we use covariant
Fontaine functors, the Hodge–Tate weight of Qp(n) is −n (BHT(n) has its GK -invariants oc-
curring in degree −n). It therefore suffices to prove that for each Qp-embedding σ : K → F ,
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the K-dimension of the σ-isotypic part of the (K⊗Qp F )-module grn(DdR(θχ)) vanishes for
n 6= nσ := − dimF tΓ,σ and is [F : K] for n = nσ. This means precisely that the σ-isotypic
part of DdR(θχ) is 1-dimensional over F with its unique nonzero gr
n occurring for n = nσ.
Combining these assertions over all σ, our task is to prove that DdR(θχ) free of rank 1
over K ⊗Qp F and the σ-isotypic part of gr•(DdR(θχ)) is supported in degree − dimF tΓ,σ.
By [1, Prop.A.3], θχ is crystalline and Dcrys(θχ) is invertible as a (K0 ⊗Qp F )-module.
Extending scalars by K0 → K yields DdR(θχ), so the invertibility over K ⊗Qp F holds.
It remains to prove that the degree of the σ-isotypic F -line in gr•(DdR(θχ)) is equal
to − dimF tΓ,σ for each σ : K → F . Recall that by definition, χ : K× → F× encodes the
K-action on the F -line
det
F
(tΓ)
−1 =
⊗
σ : K→F
det
F
(tΓ,σ)
−1.
In other words, for any c ∈ K×, χ(c) = ∏σ σ(c)nσ as a product of F×-valued characters,
i.e. θχ = ⊗σθ⊗nσσ where (i) θσ : GabK → O×F extends rK(u) 7→ σ(u) for u ∈ O×K , and (ii)
the tensor product is formed as 1-dimensional F -linear representations. Since we are using
covariant Fontaine functors, DdR(θχ) ≃ ⊗σDdR(θσ)⊗nσ where the tensor product is formed
over K ⊗Qp F and the definition of the F -linear K-action on the σ-factor via σ : K → F .
By Serre [5, App. III, A.4], the representation θ−1σ corresponds to the scalar extension
along σ of a Lubin–Tate group Gπ over OK arising from a uniformizer π of K. The asso-
ciated filtered K-vector space DdR(Vp(Gπ)) has gr
−1 of dimension 1 and gr0 of dimension
[K : Qp] − 1 (since Gπ is 1-dimensional p-divisible group of height [K : Qp] over OK , and
CK ⊗DdR = DHT).
Using theGK -equivariantK-linear structure on Vp(Gπ), viewDdR(Vp(Gπ)) as a filtered
(K ⊗Qp K)-module with the left tensor factor encoding the K-linear structure on DdR
(arising from BdR) and the right tensor factor encoding the K-action arising from Vp(Gπ).
Lemma A.4. As a (K ⊗Qp K)-module, DdR(Vp(Gπ)) is free of rank 1.
Proof. The comparison isomorphism BdR ⊗K DdR(Vp(Gπ)) ≃ BdR ⊗Qp Vp(Gπ) has target
that is visibly faithful over K⊗QpK. Hence, DdR(Vp(Gπ)) is a faithful (K⊗QpK)-module,
so by K-dimension reasons (for the left tensor structure) it is free of rank 1.
Using the K-structure for the right tensor factor, DdR(θ
−1
σ ) = DdR(Vp(Gπ)) ⊗K,σ F .
Thus, by the lemma, DdR(θσ) is an invertible (K ⊗Qp F )-module equipped with a linear
filtration whose associated graded module is supported in degrees 1 and 0 with the term
in degree 1 equal to the σ-isotypic F -line and the term in degree 0 equal to the span of the
isotypic F -lines for the other Qp-embeddings of K into F . In particular, the (K ⊗Qp F )-
linear structure canonically splits the filtration (via the decomposition into isotypic F -lines
for theK-action), so we may and do viewDdR(θσ) as a graded (K⊗QpF )-module (equipped
with the associated tautologous filtration). Hence, DdR(θσ)
⊗nσ is an invertible (K⊗Qp F )-
line equipped with a linear grading such that the σ-isotypic F -line is in degree nσ and
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whose other isotypic F -lines are in degree 0 (since the factor rings of K⊗Qp F are pairwise
orthogonal).
Finally, the (K⊗Qp F )-linear tensor product over all σ gives that DdR(θχ) is an invert-
ible (K⊗Qp F )-module equipped with a linear grading such that its σ-isotypic F -line is the
tensor product of the σ-isotypic F -line in DdR(θσ)
⊗nσ (which occurs in degree nσ) and the
σ-isotypic F -lines in the DdR(θτ )
⊗nτ ’s for τ 6= σ (which all occur in degree 0). To summa-
rize, for every σ the σ-isotypic F -line in gr•(DdR(θχ)) occurs in degree nσ = − dimF tΓ,σ,
as desired.
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